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Assume that X, X5, ..., X, are independent and identically distributed ran-
dom variables with F(X;) = u, Var(X;) = 02, and E(X}) < co. Suppose
that we are interested in estimating 2. Then

o 1y 1 —
0% = EZ(Xi—u)z and s? = n—lZ(Xi_X)z
i=1 =1

both provide unbiased estimators of o where X = (1/n)Y.;" | X; is the
sample mean. However, these are not generally the most efficient estimators
of 02 in the sense of minimizing the squared error, whether the mean p is
known or unknown.

Suppose first that the X; are normally distributed. We show below that,

first,
1 n
S = Xi — p)? 1
() = g 2w 1
is the estimator of the form
Tu(p) = 33 ane(Xi — 1) (Xe — ) 2)
k=1 ¢=1

that minimizes E( (T3 (p) — 02)2) and, second, that

> (X - X 3

k=1

Sy =

is the estimator of the form

Ty=) Y ap(Xp - X)(X, - X) (4)

k=1+¢=1

that minimizes E( (Tg - 02)2).
If the X; are not normal, the minimum-RMS estimators become

5100 = g LK ®
k=1
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and
% = (n+c)(n—1)4+2 ,;(Xk—y)Q (6)

respectively, where

o Var((Xi—p)?)  B((Xi - )t —o! )
Var(X;)? ot

Theorem. Assume E(X;) = p, Var(X;) = 02, and E(X}) < oo for inde-
pendent random variables X;. Then
(i) The minimum value over all symmetric matrices a;; of

2

E|[DD au(Xi—w)(X;—p) — o

(8a)
i=1 j=1
is attained when
0 ifi#
ij = 1 U 8b
ij ifi=j (8b)
n-—+-c

for ¢ in (7). If the X; are normal, then ¢ = 2.
(ii) The minimum value over all symmetric matrices b;; of

2

E iibm(Xl—7>(X]—y) - O’2

i=1 j=1

~
e}
&

~—

is attained when
0 ifi#g

T i am o =i (9b)

for ¢ in (7). If the X; are normal, then b;; =1/(n+ 1).

Remark. For an alternative proof, one could begin with the fact that the
expected value in (8a) is a convex function of symmetric matrices a (and
that it also satisfies the parallelogram law) and conclude that any minimal
solution of (8a) or (9a) must be of the form

 fa ifi=j
GT b Wiy
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However, this only helps slightly in the proof of part (i) and seems to make
the proof of (ii) more difficult. See later remarks for more details.

Proof of Theorem. (i) Assume F(X;) = = 0 and consider

¢(a) = E (iiakéXsz - 02) (10a)

k=1/¢=1

as a function of n(n + 1)/2 variables a;; (1 <i < j <mn). Then

aij ¢(a) = C;j E (Xin (ZZCLMXng — 02> )

k=1 (=1

= Oy ( > anE(XiX; X Xy) — o’B(X; Xj)> (10b)
k

=1¢=1
where C;; = 4if ¢ # j and C;; = 2if i = j. Since the X; are independent and
E(X;) =0, E(X;X;) =E(X;)E(X;) =0if i # j and F(X, XpX.Xg4) =0 if
any of the indices a, b, ¢, d are unmatched. This leads to
P { 8a;jo! if i £ j
a g
Oas 2 (Y0, aB(X2X2) —ot) ifi=j

(10c)

The first equation above implies a;; = 0 if i # j at a minimum value of (10a).
The second equation implies

ai (BE(X]) — E(X?)?) + (Z akk> oct—ot =0
k=1

for 1 < i < n. Thus a; = a where a Var(X?) + nac* = o so that a;; =
a=o*/(Var(X?)+no*) = 1/(n+c) for ¢ = Var(X;)/o*. This implies (8b),
which is the first part of the theorem. If the X; are normal with mean zero,
then E(X}) = 30% and ¢ = 2.

(i) If ¢, = (1/n) Z?Zl ci;j for a general matrix c¢;;, then

Z Z bijai—i- = % Z Z Z bijcik = Z Z(gi-F)cij
i ik Tt g
It follows that

Zzbw (X; — X)( ZZGU X;—d) (11a)

=1 j=1 =1 j=1
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for any constant d where
Qi :bij —Z_)H_ —l_)_|_j —FE, l_): —ZZ[)U (11b)

An arbitrary symmetric matrix a;; can be written in the form (11b) for some
other matrix b;; if and only if @;; =0 for 1 <i <n. Thus if E(X;) =d=0

2
3 .. Ppp— B'd Pp— B'd J— 2
min £ ZZ@U (Xi—X)(X; - X) — 0o (12a)
=1 j=1
2
i=1 j=1

subject to the conditions @;y =0 for 1 <17 < n.
We use Lagrange multipliers in (12b) with the n constaints ¢,(a) =
» L apr =0 (1 < p < n) for symmetric matrices a. This leads to
k=1 %p

8 n
— [ 6(a) =D Apthpla) | = 0
Oaj
p=1
for 1 < i < j < n, ¢(a) in (10a), and n additional constants A,. The

relations (10c) imply

SCLij 0'4 — )‘z — /\j = 0, 7 75.] (13&)

2a;; (B(X]) — o) +2 (Z akk> ot —20" -~ )\, =0, i=j (13b)
k=1

Set 6 = E(X}) —o* and A = 37 | M. Since Y77 a;; = 0, we must have
Z?zl,j;éi a;j = —ay;. Applying this in (13) implies —8a;0% — (n — 1)\; —
(A—X;) =0 and

a;i8c* + (n — 2)\; = —A (14a)

aii20 — \; = 20 (1 - akk) (14b)
k=1
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The negative of the determinant of the 2 x 2 system (14) for a;; and A; is
8ot 4+ 20(n — 2) > 0 since § > 0, excluding the trivial case 0 = 0. This
means that a;; = a and A\; = X\ are both constant. In particular A = nA
and (14) simplifies to

a8t + (2n —2)A =0

a20 — \ = 20*(1 — na) (15)
Thus A = —4ac*/(n — 1) and

n —

) 4
2a<(9—|— 01+n04) = 204

n—1
(n+c)(n—1)+2

(16)

a = a;; —

since 0/0* = c. It follows from (13a) that a;; = 2\/(8¢%) = —a/(n — 1) if
i # j, which also follows from > 7, a;; = 0.

Finally, the quadratic form in b;; in (11a) is the same if you add any
constant to all of its entries. Thus there is a diagonal matrix b;; = a;; +
a/(n — 1) that minimizes (12a) with

n n

a
o Y (s O |

If the X; are normal, then ¢ = 2 and b; = 1/(n + 1), which completes the
proof of the theorem.

An Alternative Approach. The function

n

¢(a) = E (ZZGMXsz - 02) (10)

k=1+¢=1

is a convex function of symmetric matrices a viewed as points in R™("+1)/2,
We also have the “parallelogram identity”

Oa) + 6(0) _ ¢<a+b> N ¢(a—b) (11)

2 2 2

Now suppose that a is the minimum value of (10). Since the X; are identically
distributed, ¢(b) = ¢(a) whenever b = P’aP and P is any permutation of
the coordinates. In that case, b;; = ar,r,, Where 7 is a permutation of
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{1,2,3,...,n}. Thus if ¢(a) is the minimum value of (10), then ¢(a) = ¢(b)
whenever b = P'aP, and ¢((a + b)/2) must also be the minimum. This
implies ¢((a — b)/2) = 0 and

Z Zcinin = 0 almost surely for ¢ = (a—0b)/2
i=1 j=1

We can conclude from this that ¢ = 0 unless the X; are highly singular and
thus a = b= P'aP. If a = P’'aP for all permutation matrices P, then

Lo faiti=j
Yo b ifi#g
for constants a and b. However, this turns out not to simply the proofs of

parts (i) and (ii) of the theorem a great deal, and actually seems to make
the proof of part (ii) more difficult.



