Math 318 Spring, 2013
Krantz May 7, 2013

FinaL EXAM

General Instructions: Read the statement of each problem
carefully. Do only what is requested—nothing more and nothing
less. Provide a complete solution to each problem.

If you only write the answer then you will not get full credit.
If you need extra room for your work then use the backs of the
pages.

Be sure to ask questions if anything is unclear.

(10 points) 1. If f : R? — R is differentiable at a point a, then the entries of the
matrix Df(a) are the partial derivatives of f. Explain why this is true.
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(10 points) 2. II f and g are real-valued functions on an open set U ¢ R” and if

D, f(a) = Dyg(a) for every point a € U and every unit veetor v, then
show that f and g differ by a constant.
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{10 points) 3. If
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glr,y) = 23 — 4%,

then use the Chain Rule to calculate the derivative at the origin of gof.
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(10 points) 4. If T : R” -

" s R™ is a linear mapping then define the quantity [|77].
Prove that

1T < 1T
for any x € R™,
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(10 points)

5. Let V be a vector space. What is the definition of the dimension of V7

Give an example of a vector space of dimension 4. Give an example of
an infinite-dimensional vector space.
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(10 points)

(10 points)

6. Use Gaussian elimination to completely solve the linear system
T —3xr3 +2x4

Ty —xy —2r3 +z4 = 0
) +£E3 —XT4 =

7. Use Gaussian elimination to find the inverse of the matrix
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(10 points) 8. Calculate the curvature x of the curve g : R - R* given by

sint
g(t) = ( cost )
t
at the point g(0) = (0,1,0). ' ,
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(10 points) 9. Let f be a real-valued function of two variables that is differentiable
at all points. Explain why, at any given point, the gre adient gives the
direction of greatest increase.
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10. What is the equation of the tangent line to the curve g(t) = (cost)i -
(sint)j + t?k at the point (1,0,0)?
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(10 points)
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11. Let V be the vector space consisting of all polynomials of one real
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(10 points)
variable with degree less than or equal to 4. Give an explicit basis for
V. What is the dimension of V7
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(10 points)  12. Consider the vectors

w = (0,1, 10
vy, = (1,0,1,0)
vi = (LLL1)
vy = (0 0,1, 1)

inh RY What is the span of these vectors? Give an explicit geometric
desciption of this span.
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(10 points)  13. Determing whether the vectors
v = {0,111},

Vo = <1,1,1,0> ‘
vy = (-2,-1,-1,1)
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are linearly independent in R*.

(10 points)  14. Prove that, if § € R" is compact and if a is a point not in S then there
is a point x¢ € S such that

Ixo — al| = glb.{||x —a|l : = € S}. T
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(10 points)  15. Find and identify all eritical points of the function f(z,y) = > — y* +
3x%y. -
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(10 points)  16. Imdlht global mcmnnuumml global minimum of the function f(r, y)
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(10 points)  17. Give the precise definition of a positive definite quadratic form.

(10 points) 18, Explain why the mapping
fla,y)= (y/2+1,2/3+2)
has a unique fixed point.
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(10 points)  19. Define f(z,y) = (zy, «? ~ y?). Explain why f is invertible in a neigh-
borhood of (1, 1).
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(10 points) ~ 20. Consider the curve £ 4 y* = 1. Near what points of this curve can we
solve for y in terms of 27 Near what points can we not do so? Give
specific reasons in each case.
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