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Review of the Riemann Integral

In this course we focus our attention on real-valued
functions. We give an occasional nod to complex-valued
functions.

Going back to your days of learning calculus, you have been
and are now familiar with the Riemann integral. This is the
integral that is modeled on Riemann sums. Just to review:

Let [a, b] € R be a bounded, closed interval and let
f : [a, b] — R be a continuous function. A partition of [a, b] is a
sequence of points P = {xp, x1, ..., Xk} with

a=x0<x3<x<---<xx=b.

We let I; = [x;_1,x;] be the jth interval in the partition,
Jj=1,2,... k. Let Aj = |xj — xj_1| be the length of the jth
interval. Define the mesh of the partition to be
= A;.
W) = s, Ly

For each j, select a point &; € /;. Refer to Figure 1.1.



Review of the Riemann Integral

Figure: A partition.
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Review of the Riemann Integral

We define the Riemann sum of the function f based on the
partition P to be

k
Rp =) f(&) 4.
Jj=1
We think of this sum as giving an approximation to the area

under the graph of f and between the left-right limits a and b.
See Figure 1.2.

y = 1)
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Review of the Riemann Integral

If the limit

li R
m(’IIJr)nHO P

exists, then we call the limit the Riemann integral of the function
f on the interval [a, b] and we denote it by

/ab F(x) dx .

Steven G. Krantz Math 4121 January 25, 2021 Lecture



Review of the Riemann Integral

Now the most fundamental result about the Riemann
integral is this:

Theorem: Let f be a continuous function on the interval
[a, b]. Then the Riemann integral

/; ’ F(x) dx

exists.
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Review of the Riemann Integral

We shall not provide the proof of this theorem here, but
instead refer the reader to the references.

It is not difficult to see that a piecewise continuous function
will also be integrable. In fact the definitive result about
Riemann integrability is the following:
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Review of the Riemann Integral

Theorem: A function f on a closed interval [a, b] is Riemann
integrable if and only if the set of discontinuities of f has
measure 0.

Of course we do not really know yet what “set of measure
zero” means; in fact this is one of the big ideas that we are
going to learn in this course. But, for the moment, you can take
“measure 0” to mean “zero length.”
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Review of the Riemann Integral

The big feature that differentiates the Lebesgue integral
from the Riemann integral is the way that these two theories
treat limits. The basic limit theorem for the Riemann integral
is this.

Theorem: Let f; be Riemann integrable functions on a
bounded interval [a, b]. If f; — f uniformly as j — oo, then

/abﬁ(x)dxﬁ/abf(x)dx

as J — 00.
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Review of the Riemann Integral

We now present a couple of examples to suggest the
shortcomings of the Riemann integral.

Example: In what follows, if E C R is a set, then we let the
characteristic function xg of E be defined by

(x) = 1 if xeE,
XEXJ=10 if x¢E.

Now define
fi(x) = xpjr (%) -

These functions do not converge uniformly. So the Riemann
theory can say nothing about the sequence of integrals
[ fi(x) dx. It is nevertheless clear that the indicated integrals
converge to 1 as j — +o0o. But, as we shall see below, the
Lebesgue theory can say something about the sequence of
integrals.
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Review of the Riemann Integral

In fact we note here, with reference to our earlier theorem, that

= / lim fj(x)dx

Jj—+oo
2 tim [ ) dx

= 1.
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Review of the Riemann Integral

As a second example, let

8/(x) = X -

These functions do not converge uniformly. So the Riemann
theory can say nothing about the sequence of integrals

[ gj(x) dx. [It is nevertheless clear that the indicated integrals
converge to +00.] But, as we shall see below, the Lebesgue
theory can. Again, with reference to our theorem, we note that

+oo = /X[17+OO) dx

= / lim gj(x) dx

Jj—+oo
— I i(x)d.
Jim [ 500 ax
J—+00
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Review of the Riemann Integral

Next, let
J
X) =D Xz
/=1

Intuitively, the integrals [ h;(x) dx converge to Y ;2; 2~ T=l
But the functions do not convorgo uniformly so the Riemann
integral cannot give this result. We note that, for this example,
both sides of the display in the theorem equal >, o,
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Review of the Riemann Integral

Now we let
mj(x) = J - Xpjj+1/7% -
Although it is intuitively clear that [ mj(x) dx converges as

Jj — +00, the Riemann integral will not glve this result. With
reference to the theorem, we see that

0= lim /mj(x)dx—/ lim mj(x)dx =0.

J—r+o0 J—+o0

Steven G. Krantz Math 4121 January 25, 2021 Lecture



Review of the Riemann Integral

Example: Refer to the last example for notation.
Let {qg;} be an enumeration of the rational numbers. Define

A(X) = X{aq} »

f2(x) = X{a1} + X{a:} -
B(X) = X{a} T X{a:} T X{as} »

etc. Then the sequence of functions {f;} converges to

f(x) = xo- Each of the functions f; is Riemann integrable by
the theorem. But the function f is not Riemann integrable. It
will turn out that the function f is Lebesgue measurable and
Lebesgue integrable.

Steven G. Krantz Math 4121 January 25, 2021 Lecture



	Review of the Riemann Integral

