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The Lebesgue Integral
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The Integration Theory of Lebesgue

Have a quick look back at the first lecture to remind yourself
how the Riemann integral was constructed. You will now see
that the Lebesgue integral is constructed rather differently.
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Definition: Let (X, X, 1) be a measure space. Let

k
s(x) =) axg(x)
j=1

be a simple function. We say that the simple function s is in
the standard representation if the a; are distinct and the E; are
pairwise disjoint. Without saying so explicitly, we will usually
assume that our simple functions are in standard representation.

Now we define the integral of s with respect to the measure
i to be

k
[sdu=3"5u(E). (1)
j=1
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As noted previously, we adhere to the custom that
0-+o00 = 0. So, for instance, the integral of the identically 0
function equals 0. It is certainly possible for the value of the
integral in formula (1) to take the value +oco—for instance if
a1 =1 and p(E1) = +o0.
Example: Let u be Lebesgue measure on R. Let £ : R — R be

given by
2 if —1l<x<l1
3 if 3<x<7T
FI=3 21 # —4<x<-3
0 otherwise .
Then

/fdu(x) = 2 (1= (=1)) 43+ (T=3) 4+ (=1)- ((—3) — (—4)) = 15.
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Now we develop some elementary properties of the integral.

Lemma: Let (X, X, u) be a measure space. If @, 1 are simple,
nonnegative functions and if ¢ > 0, then

/cdeC/«pdu (1)

/(eﬁ+w)du=/s@du+/wdu- (2)
Furthermore, if \ is defined for E € X by

and

A(E)/Q»XE ds, 3)

then X\ is a measure on X .
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Proof: If ¢ = 0 then equation (1) becomes trivial. So suppose
¢ > 0. Then cyp is a nonnegative, simple function. If

k
x) = a-xg(x)
j=1
then
k
= Z caj - XEJ-(X) -
j=1

Thus

/cgodp-anj u(E —CZaJ u(E /apdy,.

j=1

That establishes (1).
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Suppose now that
k m
@ZZQJ'XEj and wZZbZ'XFZ
j=1 =1

with the E; pairwise disjoint and the F, pairwise disjoint. Then
© + 9 has the representation

=33

aj + be) - XEnF,

~ ?Ms

j=17
+Y D3 XE\(RU-UF)
Jj=1 (=1
k m
< Z Z be « XF,\(EU--UE,) - (4)
=1 =1
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This last representation for ¢ + 1 is a bit confusing since
different occurrences of a; + b, may be equal (so that (4) is not
necessarily the standard representation of simple function given
in the original definition). Let ¢p, p=1,2,...,r, be the distinct
numbers in the collection {aj + by :j=1,...,k;{=1,...,m}.
Let Hp be the union of all those sets Ej N Fy # () so that
aj + by = ¢p. Then

1(Hp) = ZM(EJ N Fe).
(P)

Here the notation (p) means that we sum over choices of j and ¢
so that aj + by = ¢, and Ej N Fy # (. Of course the standard
representation of ¢ + 1 is now given by

r k m
O+ =Y CoXH Y A XENRURU-UFm) Y DX\ (BUEU-UE,) -
p=1 j=1 =1
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As a result, we may now calculate that
. r k
/(99+7/J)du = Y o ulHo)+ D a-ulE\(FRUFRU---UF,)

p=1 j=1

m
+> by plFe\ (ELUEU---UEy)]
/=1
.
= D) % uENF)
p=1 (p)

k
+Zaj~/,L[Ej\(F1UF2U-~-UFm)]
=

—i—Zbg-M[Fg\(ElLJEgU-“UEk)]
/=1
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r

= > > (aj+ b)) (BN F)

=1 (p)

k
+Zaj~u[Ej\(F1UF2U"'UFm)]

+> by plF\ (ELUE U+ U E)]
=1
K

k m
= > > (aj+bo)- (BN F)+ Y aj- plE\ (FRUFRU--- U Fa)]
Jj=1 /=1 j=1

+sz-u[Fz\(ElU52U“'UEk)]
=1
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- ZaJ !M \(FLU---UFm))+ > pu(EiNFy)
=l

m k

Jer[- /L(Fg\(ElU"'UEk))ﬁLZ,u(EjﬁFé)
(=1 =

k m
= > a- )""ZbE'N(FZ)

= /zwdu+/wdu
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To prove (3), we note that

k
OXE =D aj XEnE -
j=1

As a result, we may apply what was proved above to see that

k k
/\(E):/SDXEdN:Zaj'/XEijdllzzaj‘H(Eij)'
= =

Since the mapping E — p(E; N E) is a measure, we see that
we have expressed A as a linear combination of measures. Thus
A is a measure. O

Steven G. Krantz Math 4121 February 5, 2021 Lecture



Now we can define the integral of a nonnegative, measurable
function f. The value of this integral could be finite or it could
be +o0.

Definition: Let (X, X, 1) be a measure space and f a
nonnegative, measurable function. Then the integral of f with
respect to p is the extended real number

/fduzsup/sdu,

where the supremum is taken over all nonnegative, simple
functions s satisfying 0 < s(x) < f(x) for all x € R.
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Definition: Let (X, X, 1) be a measure space and f a
nonnegative, measurable function. Let E € X. We define the
integral of f over E with respect to y to be

/fduz/f-xgd,u.
E

This is the Lebesgue integral of f.
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