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The Lebesgue Integral
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The Integration Theory of Lebesgue

Based on our experience with the Riemann integral, there

are certain monotonicity properties that we expect an integral
to have:

Proposition: Let (X, X, 1) be a measure space.
If f and g are nonnegative, measurable functions and f < g,

then
/fdug/gdu. (1)
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If instead f is a nonnegative, measurable function and
E.Fe X, and if E C F, then

/Efdug/Ffdu. (2)
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Proof: If s is a simple, nonnegative function such that

0 < s < f, then it certainly follows that 0 < s < g. Thus (1)
holds. Since f - xg < f - xF, the second assertion follows from
the first. O

There are three significant theorems about the convergence
of the Lebesgue integral. Contrast this situation with that for
the Riemann integral-—where there is really only one
convergence theorem. Now we treat the first of these.
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Theorem (The Lebesgue Monotone Convergence Theorem):
Let (X, X, 1) be a measure space. Let {f;} be a monotone
increasing sequence of nonnegative, measurable functions (i.e.,
f(x) < fa(x) < --- for all x) that converge pointwise to a function

f. Then
/fd,u: lim /fjdu. (1)
Jj—o0
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Proof: According to the preceding corollary, the function f is
measurable. Since f; < fi 1 < f, we see from the proposition

that .
[faus [fuadu< [rap

for all j € N. Thus we have

lim /Gdﬂj</fdu- (2)

J—0

This is half of the result. For the opposite inequality, let «
be a real number satisfying 0 < o < 1 and let s be a simple
function satisfying 0 < s < f. Let

A ={x e X:fi(x) > as(x)}.

Thus A; € X, Aj C Aj41 for each j, and X = UjA;.
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By the proposition,
/asd/t</ ﬁdu</ﬂ-du. (3)
A A X

Since the sequence of sets {A;} is monotone increasing and
has union X, we see from the lemma, part (@) and (3) that

/sdu.lim/ sdu.
J—0 JA.

)

Thus, taking the limit in (3) with respect to j, we find that

a/sd,ug lim /fjd,u.
Jj—o0
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Since this inequality holds for all @ with 0 < o < 1, we

conclude that i i
/Sdu< lim /zj-du.
Jj—o0

Because s is an arbitrary simple function satisfying 0 < s < f,
we find now that

/fdusup/sdug lim /Gd,u.
s J—0o0

Combining this with (2), we obtain (1). O
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Remark: It may be noted that we are not assuming nor
asserting that either side of (1) is finite.

Example: Let (R, X, 1) be the usual measure space with X
the Borel sets and u the Lebesgue measure. Let f be a
nonnegative, measurable function such that [ f dy is finite.
Define f; = f - xjo- Obviously lim;_, fj(x) = f(x) for every x
and the convergence is monotone increasing.

Then the lefthand side of (1) is [ f du. And the righthand
side is lim;_, o j fi dp. We are guaranteed that the limit in this
righthand side equals [ f dp.
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Our second convergence result is particularly useful because
it applies to sequences of functions that are not monotone.

Theorem (Fatou’s Lemma): Let (X, X, ) be a measure space.
Assume that the functions f; are nonnegative and measurable.
Then

/(Ii_m inf f;) dp < lim inf/ fidu. (1)

J—0 J—0
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Proof: Let gj(x) = inf{f;(x), fi+1(x), ...} for each x € X. Then
gj < fi whenever j < k. Thus

/gjdlﬁ</fkdu whenever j < k.

Hence . 3
/gjd,u < Iiminf/ frdu.
k—00
Since the sequence {g;} is increasing and converges to
liminfx_, oo fx, the monotone convergence theorem tells us that

/(Iiminf fi)dp = lim /gjdu
k—o0 Jj—oo

gliminf/fkdu. |

k—oo |
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Remark: Fatou’s lemma is remarkable in part because it says
that a liminf is greater than or equal to something else. That is
not something that one often sees.

Example: Let B be the Borel sets in R and let du be
Lebesgue measure. Let f;(x) = x{jj41) for j =1,2,.... Then the
lefthand side of (1) is [ 0dp = 0. And the righthand side of (1)
is liminf1 = 1. Certainly 0 < 1.
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Corollary: If f is a nonnegative, measurable function and if \ is
defined on by

A(E)/fdu/f-XEdu;
JE 5

then )\ is a measure.
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Proof: Since f > 0 it is immediate that A(E) > 0. If E = 0),
then fyg vanishes everywhere so that A(()) = 0. To see that A is
countably additive, let {E;} be a pairwise disjoint sequence of
sets in X with union E and let 7, be defined to be

n
fo=> f-Xg.
j=1
Then we see from the additivity of the integral that
n n
/fndu=2/f-XEjdu=ZA(Ej).
j=1 j=1

Since {f,} is an increasing sequence of nonnegative, measurable
functions converging to fxg, the monotone convergence
theorem tells us that
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Corollary: Let (X, X, ) be a measure space. Suppose that f is
a nonnegative, measurable function. Then f(x) = 0 u-almost
everywhere if and only if

/fduO. (1)
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Proof: If equation (1) holds, then we let

Ej:{xeX:f(x)>1,}.

J

As a result, f > (1//)xg for each j.
Therefore

1 1
O:/fdu>/ fd/L>/ —dp==-u(E)>0.
E; E J J

J J

We conclude that p(Ej) = 0, hence the set
{x e X:f(x >0}_UE-

has measure 0.

Steven G. Krantz Math 4121 February 8, 2021 Lecture



For the converse, assume that f(x) = 0 almost everywhere.
If

E={xeX:f(x)>0},
then pu(E) = 0. Set fj = jxg for j=1,2,.... Since

f <liminf;_, f;, Fatou’s lemma implies that

0< /fdug /Iiminfﬂ-dugliminf/fj-duo.

Jj—o00 Jj—oo

Thus [ fdp=0. O
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Corollary: Let (X, X, ) be a measure space. Let gj be a
sequence of nonnegative, measurable functions. Then

/ g}gj du—é(/&%)-

Proof: Set f; = g1 +g + -+ gj. Now apply the monotone
convergence theorem to the f;. O
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