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The Lebesgue Integral




The Riesz Representation Theorem

In this lecture we develop some ideas from functional
analysis. In particular, we shall prove representation theorems
for bounded linear functionals on LP.

Definition: A linear functional on LP is a mapping @ : [P — R
which is linear.
The linear functional ¢ is bounded if there is a constant
M > 0 such that
()] < M|l

for all f € LP. In this case, the bound or norm of the functional
is defined to be

lpll = supflp(F)] - F e LP, || flle <1}
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Example: Fix 1 <p<oo. Let g=p/(p—1) and let g € L9.
Define a linear functional ¢ on LP by

o) = [ fedu.

Then ¢ is a linear functional with norm at most ||g]|;s. Just use
Holder’s inequality to verify this assertion.

And in fact we leave it to the reader to check that the norm
actually equals ||g|| a. To see this, just assume g > 0 and let
f = g¥/(P=1)_ This will result in the equality
o(F) = |l - s
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The Riesz theorem gives a converse to the result in the
example. We begin with a lemma. Note that a linear functional
¢ is called positive if ¢(f) > 0 for all f € LP such that f > 0.

Lemma: Let ¢ be a bounded linear functional on LP. Then there
exist two positive bounded linear functionals ¢+ and @~ such that

o(f) = ™ (F) — ™ (f)

for all f € LP.
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Proof: If f > 0, then define

o (f) =sup{p(g): g € LP,0< g < f}.

Clearly o™ (cf) = co™(f) for ¢ > 0 and f > 0.
If0<gj <ffor j=1,2, then

o(g) +¢(g) = ¢ler + &) < e (A + f).

Taking suprema over all such g; € LP, we find that

¢ (A)+¢T(R) < ¢T(A+h).
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Conversely, if 0 < h < f; + f, we let g1 = max(h — £,,0) and
g> = min(h, f,). We infer then that g1 + g» = h and also
0<gj<fjforj=1,2. Thus

o(h) = o(g1) + p(g2) < vT () + ¢t (%)

for all f; € LP with f; > 0. Taking the supremum over h then
yields that

e (i +h) <o (h)+ ot (R).

Combining our last two displayed inequalities now shows that
T is linear.
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If f € LP is arbitrary, then we define
P (F) =" () + o™ (F),

where f* and f~ are respectively the positive and negative
parts of f.

It is easy to see that ¢t is a bounded linear functional on
LP. Next, for f € LP, we define

We see that ¢~ is plainly a bounded linear functional (because
¢ and ¢ are). From the definition of ¢ we see that ¢~ is also
a positive linear functional. Finally, it is obvious that

p=pt -y O
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Theorem (Riesz Representation Theorem, first version): [f
(X, X, u) is a o-finite measure space and ¢ is a bounded linear
functional on L', then there exists a function g € L> such that the
equation

o(f) —/fgdu

holds for all f € LY. Furthermore,
is a positive linear functional.

ol = llglliee. Also g >0 if ¢
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Proof: We first treat the case that p is a finite measure and ¢
is positive. Define A : X — R by

AE) = o(xe) -

Clearly A(0)) = 0. If {E;} is an increasing sequence in X and
E = UjEj, then {xf } converges pointwise to xg. Since
pu(X) < o0, it follows from the Lebesgue Monotone Convergence
Theorem that the same sequence converges in L' to xg.
Since

0 < XE)-AE)
e(xe) — (xg)

= ¢(xe — xE)

< el - lIxe = xgller

we see (since A(Ej) — A(E)) that A is a measure. Furthermore,
if F € X and p(F) =0, then A(F) =0, hence A << p.
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Applying the Radon-Nikodym theorem, we obtain a
nonnegative, measurable function g : X — R such that

o(xe) = ME) = /XE -gdpu

for all E € X. Linearity now implies that

w(h)Z/h'gdu

for all X-measurable, simple functions h.

If f is a nonnegative function in L, we let {h;} be a
monotone increasing sequence of simple functions converging
almost everywhere and in L! to f. From the boundedness of ¢,
it is easily seen that ¢(f) = limj_ @(h;). Furthermore, the
monotone convergence theorem tells us that

o(f) = lim /hjgdu: /fgdu.

J—00

By linearity, this equality holds for arbitrary f € L. That
completes the case that u is a finite measure.
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We leave the case of o-finite u for the reader to consult in
Bartle. It is an exercise to check that ||| = ||g]||roe- O

What we have shown with this first version of the Riesz
representation theorem is that the dual of the Banach space L!
is L°°. We conclude this chapter by now proving a version of
the theorem for LP.
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Theorem (Riesz Representation Theorem, second version):
Let (X, X, ) be an arbitrary measure space. Let ¢ be a bounded
linear functional on LP, 1 < p < co. Then there exists a g € L9,

qg=p/(p—1), so that

sO(f):/fgdu

holds for all f € LP. Moreover,

¢l = llgllLs-
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Proof: In the case that p is finite, the proof of the preceding
version of the Riesz theorem requires only minor changes to
show that there exists a g € L9 with ||| = ||g|/Ls and such that

o(f) :/fgdu

for all f € LP. This result can be extended to the o-finite
case—see Bartle.

Now we complete the proof by noting that a bounded linear
functional “vanishes off of a o-finite set.” Indeed, let {f;} be a
sequence in LP so that ||f;|| = 1 and

o) 2 el (1-3)

There exists a o-finite set Xo € & outside of which all the f;
vanish. Let E € X with E N Xg = 0. Then

Ifi + txeller < (1+ tPu(E))/P

for t > 0 when u(E) < oo.
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Furthermore, since

() + e(E£txe) < |o(f; £ txe)l,

we see that
o)l < llel - { @+ e - (15 )}

for all j € N.
First let j — oo and then divide by t > 0 to obtain

(1+ tPu(E))/P —1
; :

lo(xe)l < llell -

If we apply L’Hospital’s rule as t — 0%, we may conclude (as
long as p > 1) that p(xg) =0 for any E € X, u(E) < oo,
outside of the o-finite set Xp. Thus, if f is any function in LP
such that Xp N {x € X : f(x) # 0} = (), then it follows that
o(f) = 0.
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Now we can apply the preceding argument to find a function
g on Xg which represents ¢ and we extend g to all of X by
requiring that it vanish on the complement of Xp. This gives
the desired function. O

It should be noted that this last theorem is false for p = co.
In fact the dual of L°° is quite a complicated space that cannot
be described explicitly.
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