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In this thesis, we develop two methods for constructing Lie groupoids.

The first method is a blow-up construction, corresponding to the elementary modification of a Lie
algebroid along a subalgebroid over some closed hypersurface. This construction may be specialized to
the Poisson groupoids and Lie bialgebroids. We then apply this method to three cases. The first is
the adjoint Lie groupoid integrating the Lie algebroid of vector fields tangent to a collection of normal
crossing hypersurfaces. The second is the adjoint symplectic groupoid of a log symplectic manifold. The
third is the adjoint Lie groupoid integrating the tangent algebroid of a Riemann surface twisted by a
divisor.

The second method is a gluing construction, whereby Lie groupoids defined on the open sets of an
appropriate cover may be combined to obtain global integrations. This allows us to construct and classify
the Lie groupoids integrating the given Lie algebroid. We apply this method to the aforementioned cases,

albeit with small differences, and characterize the category of integrations in each case.
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Chapter 1

Introduction

The notion of Lie algebroids and Lie groupoids goes back to Pradines [33], who observed that the
infinitesimal object of a Lie groupoid is that of a Lie algebroid. A Lie groupoid, like a Lie group of which
it naturally generalizes, measures a certain symmetry as explained in [43].

This field received renewed interest, when in the 80’s, Weinstein [38] and Karasév [21] observed that
in many cases, there is a natural symplectic realization G for a given Poisson manifold M which has a
Lie groupoid structure over M. The Lie algebroid of the symplectic groupoid G = M is the natural Lie
algebroid structure on the cotangent bundle T*M induced by the Poisson structure. For this reason,
the natural symplectic realization is called a symplectic groupoid. In particular, the source map of the
symplectic groupoid is a surjective Poisson submersion. One hopes to replace the study of a Poisson
manifold by its symplectic groupoid.

In his original paper [38], Weinstein observed that a Poisson manifold M, and more generally, a Lie
algebroid, may fail to integrate to a smooth Lie groupoid. Since that time, a lot of effort has been made
to come up increasingly sophisticated examples and to address the question of existence of integrations
of Lie algebroids. The symplectic groupoid of the KirillovKostantSouriau Poisson structure on the dual
of a Lie algebra was studied in [B]. This is a special case of Poisson Lie groups, whose was studied
in [24, 23]. In [4], Cattaneo and Felder described the symplectic groupoid as an infinite-dimensional
symplectic quotient. Using this idea, Crainic and Fernandes gave a sufficient and necessary condition
integrability of Lie algebroids [6] and Poisson manifolds [7].

Since the concrete understanding of the topology of symplectic groupoids is useful in many appli-
cations, e.g. geometric quantization [I§], and since explicit examples of symplectic groupoids are not
very numerous, in this thesis, we give several geometric constructions of symplectic groupoids, and of
Lie groupoids in general.

To a large extent, this thesis is based on and extends the contents of [12], and it is organized as
follows:

In §2] we recall the notion of Lie groupoids and Lie algebroids, and some general constructions,
following the terminology of [25]. We also recall the notion of projective blow-up.

In we systematically apply the projective blow-up operation to Poisson manifolds, Lie groupoids
and Poisson groupoids, and study how it affects the corresponding Lie algebroid and Lie bialgebroids.
This work is inspired by the work of Weinstein [40, [41], Mazzeo—Melrose [28] and Monthubert [30].

In we study the log symplectic manifolds, which are generically nondegenerate Poisson manifolds
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that drop rank along a smooth hypersurface. Through slightly different means, we reproduce the results
of Guillemin—Miranda—Pires [15] [16], which describe the Poisson geometry near the degeneracy locus.
We also reproduce the results of Radko [34], which completely classify the log symplectic structures on
an orientable surface. We extend her results to the case of non-orientable surfaces.

In we apply the birational construction in §2|to several different cases. The first example is the
Lie algebroid of vector fields tangent to a collection of normal crossing hypersurfaces. The birational
construction in this particular case is due to Monthubert [30]. The second example is the proper log
symplectic manifold. The existence of the symplectic groupoid of a log symplectic manifold has been
known since the work of Debord [8]. However, we gave a concrete geometric construction of the adjoint
symplectic groupoid in terms of blow-up. The third example is the tangent algebroid of a Riemann
surface twisted by a divisor. The representation of the Lie algebroid and its integration is the subject
of Riemann-Hilbert correspondence and Stokes’ phenomenon. This is carefully studied in [I3].

In inspired by the work of Nistor [31], we give a gluing construction of Lie groupoids over an open
cover of the base manifold adapted to the orbits. This allows us to classify the integrations of certain Lie
algebroids in a combinatorial fashion. The first example is the integrations of the Lie algebroid of vector
fields tangent to a smooth hypersurface. The second example is the Hausdorff symplectic groupoids of
a log symplectic manifold. The third example is the tangent algebroid of a Riemann surface twisted by

a divisor.



Chapter 2

Preliminaries

In we recall the notions of Lie groupoids and Lie algebroids, in the real smooth setting. The
analogous notions in the complex holomorphic setting are mentioned without details. [25] [29] As an
important case of Lie groupoids and Lie algebroids, we recall the notion of a symplectic groupoid of a
Poisson manifold in [10, 37

In this thesis, the base manifold of a Lie groupoid, or the manifold of objects, is assumed to be a
Hausdorff and second-countable manifold, real or complex. On the other hand, the space of arrows of
Lie groupoid is not assumed to be Hausdorff, but satisfy the other axioms of a manifold.

In we recall the notion of blow-up in the real smooth setting.

2.1 Lie theory

2.1.1 Lie groupoids
We begin with the definition of a set groupoid.
Definition 2.1.1. A groupotid is a small category such that the arrows are invertible.
As with the convention, we denote a groupoid by (G, M, s, t,m,id, i), or G = M, where
(i) G is the set of arrows and M is the set of objects;
(ii) s: G — M gives the source of an arrow and t : G — M gives the target;

(iii) m : G® — G is the multiplication map, defined on the composable morphisms
G® = G,x:G = {(g.h) € G x G | 5(9) = t(h)};

(iv) id: M — G gives the identity arrows;
(v) i:G—G, g+ g ! gives the inverse.
The groupoid structure maps may be displayed as follows:
(I~
G® —m—s G <ie— M
N



CHAPTER 2. PRELIMINARIES 4

satisfying the expected compatibility conditions.
Definition 2.1.2. A (real) Lie groupoid is a groupoid (G, M, s,t, m,id) such that
(i) M is a Hausdorff, second-countable smooth manifold;
(ii) G is a second-countable smooth manifold, not necessarily Hausdorft;
(iii) the source s and the target ¢ are surjective submersions;
(iv) the multiplication m and the identity id are smooth.

Remark 2.1.3. (i) The relaxation that G may be non-Hausdorff is customary in the literature (e.g.
(6, 29]).

(ii) The inversion i : G — G is a diffeomorphism.
(iii) For a Lie groupoid G = M, the source fiber of a point € M is the preimage s~*(x).
(iv) A Lie groupoid G = M is étale if dimG = dim M.

Example 2.1.4. For a connected manifold M, the pair groupoid of M is the groupoid Pair(M) = M
where Pair(M) = M x M, and the source and the target are the first and second projection.

The fundamental groupoid of M is the groupoid 11y M = M where II; M is the homotopy classes
of paths and the source and the target are the initial point and the end point of the path.

Definition 2.1.5. For two Lie groupoids G = M and H = L, a Lie groupoid morphism from G to
H is a smooth map of pairs ® : (G, M) — (H, L) compatible with the structure maps.

We say @ is base preserving, if & : M — L is an isomorphism.

Example 2.1.6. Let M be a smooth manifold. The product of the source and the target from the
fundamental groupoid to the pair groupoid, (s,t) : IIy M — Pair(M), is a base preserving Lie groupoid

morphism.

For points on the base ¥,y € M, we denote the space of arrows from z to y, s~1(x) Nt~ 1(y) by
G(z,y). In analogy with group actions, G, = G(z, x) is called the isotropy group at x. The equivalence

relation on the base manifold M given by
z~y e yet(s(2)

partitions M into equivalence classes called orbits of the groupoid.

Example 2.1.7. Let M be a connected smooth manifold. The isotropy group IIy(M)(z,z) is the
fundamental group 71 (M, z). For II; (M) = M, there is only one orbit, namely M.

A set groupoid may be pulled back by a map as follows.

Definition 2.1.8. Let H == L be a groupoid, not necessarily Lie, and let f : M — L be a map. The
pullback groupoid f'H = M is the groupoid defined as follows:

L fH = Myx Hox M = {(a,hy) € M x G x M | f(z) = s(h), t(h) = f(y)}-
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2. The groupoid structure of f'H = M are as follows:

s/(x, hay) =, t'(a:,h,y) =Y, m' ((x,h,y), (ya k,Z)) = (x,m(h,k),z),
id'(z) = (z,id (f(2))), (2.h,y)"" = (y.h ™" 2).

O

In general, the pullback groupoid of a Lie groupoid by a smooth map is not a Lie groupoid. Here is

a transversality condition that ensures the pullback groupoid is Lie.

Proposition 2.1.9. [25] Let H = L be a Lie groupoid, and let f : M — L be a smooth map. If
(s,t) : H = LxL and (f,f): M x M — L x L are transverse, and the target map of the pullback
groupoid t' : f'H — M is a surjective submersion, then the pullback groupoid f'H = M is a Lie groupoid
such that the map of pairs (f', f) : (f*H, M) — (H, L) is a Lie groupoid morphism.

Another useful notion in Lie groupoid theory is the action of a Lie groupoid.

Definition 2.1.10. An action of a Lie groupoid H = L on a smooth map f: M — L is a smooth
map
p:HsxsM— M, (hz)—h-z (2.1.1)

such that
1. f(h-x) = t(h), for (h,x) € Hyx s M;
2. h-(g-x)=(m(h,g)) -z, for (h,g,2) € HsxyHsx s M;
3. id(f(x)) -z ==, forz e M.

The action groupoid H x, M = M is diffeomorphic to Hsx y M with the following structure maps:

s(hyx) =z, t(h,x)=h-z,
m((g,2), (h, g - x)) = (m(g, h), ), id(x) = (id(f(x)), ).

O

Example 2.1.11. Let a Lie group G acts on a manifold M. In the groupoid language, this means the
Lie group G acts on the trivial map f: M — pt. The action groupoid G x M = M is diffeomorphic to
Gx M.

Let E — M be a vector bundle. The general linear groupoid GL(E) = M is diffeomorphic to
GL(E) ~ {(z,y,buy) | x € M, y € M, ¢y : E; = E, is an invertible linear transformation} (2.1.2)
with the structure maps as follows:

S(xay,¢zy) =z, t(x,y,qﬁmy) =Y,
m((ﬂcay,%y), (yvzv¢yz)) = (LU,Z7¢yZ o ¢xy)7 |d(x) = (‘raxv |dza:)

An action of a Lie groupoid G = M on a vector bundle p : E — M is nothing but a Lie groupoid
morphism p : G — GL(E).
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Example 2.1.12. Let p: P — M be a principal G-bundle. Consider the diagonal action of G on P x P
by g(u,v) = (gu, gv). The gauge groupoid Gauge(P) = M is diffeomorphic to (P x P)/G with the

following structure maps

Vu,v,v",we P st.plv)=ph) ==z
s([u,v]) = p(v),  t([u,v]) =p(u), m(fu,v], V', w]) = ([u,w]), id(z)=([v,]).
L]

We now define Lie groupoid cohomology. Let G = M be a Lie groupoid and p : E — M be a vector
bundle. Let
p:GsxpE = E, (g,u)—g-u

be a action. We write

G ={(g1,92:--,9n) €G % ... x G | t(g;) = 8(gix1), 1 <i<n—1} (2.1.3)

with the map
5ng(n)_>M’ (91,92,,gn)'—>t(9n)

The set of smooth n-cochains of G =% M with values in E is
C™(G,E) =T(G™, (") E). (2.1.4)
The graded family C*(G, E') can be turned into a cochain complex with the codifferentials
d":C"(G,E) = C""(G,E) (2.1.5)
defined by

d’(c)(g) = g - c(s(g))) — c(t(g)),

d"(c)(g91,92, > Gn+1) = g1 - (92,93, - -+ Gnt1)

n

JFZ(*l)i(glw--,gigi+1a~~-,gn+1)
i1
+ (_1)n+1c(91?927 s 7gn)

It is easy to check that d"!od™ = 0. The Lie groupoid cohomology of G = M with coefficients in
E is the cohomology of the cochain complex (C*(G, E),d*).

Definition 2.1.13. Let G = M be a Lie groupoid, and let H == L be a Lie subgroupoid. The tangent
prolongation of G = M, denoted by TG = T M, is the Lie groupoid obtained by applying the tangent
functor to G = M. The linearization of G = M around H = L, NH = NL, is the Lie groupoid
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obtained by applying the normal functor:

TH TG NH
TsuTt Ts\uTt Ns\uNt (2.1.6)
TL M NL

2.1.2 Lie algebroids

Similar to the case of Lie groups and Lie algebras, the infinitesimal object of a Lie groupoid is a Lie

algebroid, defined as follows.

Definition 2.1.14. A Lie algebroid (A, M, [-,],a), or A for short, is a vector bundle A — M with a
Lie bracket [, -] on the sections I'(A) and a bundle map a : A — TM, called the anchor, preserving the
Lie bracket and satisfying the Leibniz rule

(X, fY] = fIX. Y]+ a(X)(f)Y.
Just like the Lie functor from Lie groups to Lie algebras, there is a Lie functor from Lie groupoids
to Lie algebroids.
Proposition 2.1.15. [33] For a Lie groupoid G = M, the vector bundle
Lie(G) ==id"ker (T's: TG — TM)
with the bracket of the left-invariant vector fields and the restriction of the derivative Tt to ker(T's) is a
Lie algebroid.

As a vector bundle, we may identify Lie(G) with the normal bundle of the identity bisection,
N (id(M)). When Lie(G) = A, then we say the Lie groupoid G = M integrates the Lie algebroid
A, or G = M is an integration of A. A Lie algebroid A over M is integrable, if there exists a Lie
groupoid G = M that integrates A.

Example 2.1.16. Let M be a manifold. Then Lie(II;(M)) = Lie(Pair(M)) = TM.

Unlike Lie groupoids, it is not so easy to define a general Lie algebroid morphism. We will do it in

steps. First we define a base-preserving Lie algebroid morphism.

Definition 2.1.17. For two Lie algebroids (A4, [, ]a,a4) and (B, [-, -] 5, ap) over the same base manifold
M, a base preserving Lie algebroid morphism from A to B is a bundle ¢ : A — B compatible with
the anchor map and the preserves the bracket. That is, for X, Y € I'(A), we have

apo¢(X) =aa(X),  ¢([X,Y]a) = [o(X),o(Y)]5.

For a base-preserving Lie groupoid homomorphism ¥ : G — G’, we have the induced morphism of
Lie algebroids
Lie(¥) = TV|;e(g) : Lie(G) — Lie(G').

Next, we describe the pullback of a Lie algebroid.
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Proposition 2.1.18. [25] Let (B, L,b) be a Lie algebroid, and let f : M — L be a smooth map. If the
maps f*(b) : f*(B) — f*(TL) and Tf : TM — f*(TL) are transverse, then the fiber product of vector
bundle

A= f'B=f*"(B) &) TM

with the following structure
(i) the anchor a : A — TM s the natural projection to TM ;

(i) for (fX,x),(gY,y) € T'(A) where f,g € C*(M), X,Y € I'(B) and z,y € I'(TM), we have
(X, 2), (9Y,y)] = (Fg[X, Y]+ 2(9)Y —y(/)X, [z,9]),

is a Lie algebroid over M, called the pullback Lie algebroid of B by f.

If H = L is a Lie groupoid, and f : M — L is a smooth map such that the pullback Lie groupoid
f"H = M exists, then the pullback Lie algebroid f'(Lie(#)) exists and we have Lie(f'H) = f'(Lie(H)).

Now, we are ready to define a general Lie algebroid morphism.

Definition 2.1.19. Let (A, M,a) and (B, L,b) be a Lie algebroids. A Lie algebroid morphism is a

bundle map (¢, f) : (A, M) — (B, L)
¢

-

A B (2.1.7)
|
M L

such that
(i) bop=Tfoa;

(ii) the pullback Lie algebroid f'B exists, and the induced bundle map
¢ A= f'B, X a(X)®o(X)

is a base preserving Lie algebroid morphism over M.

As expected, if (@, f) is a Lie groupoid morphism from G = M to H = L, then (Lie(®), f) is a Lie
algebroid morphism from Lie(G) to Lie(H).

Definition 2.1.20. Let L be a closed embedded submanifold of M. Then (B, L,b) is a Lie subalgebroid
of (A, M, a) if and only if B is a subbundle of A|r, and the bundle inclusion is a Lie algebroid morphism.
Equivalently, it may be phrased explicitly as

(i) the anchor a : A — T'M restricted to L yields b: B — T'L;
(ii) if X,Y € T'(A) have X|.,Y |, € T'(B), then [X,Y]|, € I(B);
(iii) if X,Y € I'(A) have X|, =0 and Y|y € I'(B), then [X,Y]|L = 0.

Remark 2.1.21. In Definition [2.1.20} if L is a closed hypersurface, then (iii) may be dropped for the

following reason.
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Let f be a defining function of L, i.e. f(z) =0 for x € L, f(z) # 0 for z ¢ L, and df| # 0. For
any X € T'A such that X|;, = 0, we may write X = fX’ for some X’ € TA. For Y € T'A such that
Y|, € T'B, the vector field a(Y) is tangent to L. It follows that a(Y)(f)|r = 0. Hence, the Leibniz rule

[fX", Y] = —a(Y)(f)X' + f[X,Y] (2.1.8)

shows that [X,Y]|, = 0.
That is, for a Lie algebroid A over M and a closed hypersurface L C M, a subbundle B of A|;, is a
Lie subalgebroid if and only if B itself is a Lie algebroid.

Let (A, M,a) be a Lie algebroid, and let p : E — M be a vector bundle. An A-connection on E is

a C'°°-linear morphism
V:T'(E) > T(4") Qoo (M) I'(E) (2.1.9)

satisfying the Leibniz rule V(fu) = da(f)u+ fVu for all f € C>®°(M) and u € T'(E), where d4 = aod.
If
Vixy) =VxVy = VyVx (2.1.10)

for all X,Y € T'(A), then V is said to be flat, and (E, V) is called an A-module, or equivalently we say
(E,V) is a representation of A. O

The set of smooth n-cochains of A with values in E is
C"(A,E) =T (AN"A*®E). (2.1.11)

The graded family C*(A, E) can be turned into a cochain complex with the codifferentials

dOg(X) = VXEa
d"w(X1, Xo, .., Xpg1) = () w([X, X)X, Xy, X X)
1<J

+ Z(—l)ivxiw()ﬁ, o X X )
i=1

It is easy to check that d"*! od” = 0. The Lie algebroid cohomology of A with coefficients in F is
the cohomology of the cochain complex (C*(A4, E), d*).

The relation between Lie groupoid cohomology and Lie algebroid cohomology is explained in [IJ.

Example 2.1.22. Let P — M be a principal G-bundle. The Atiyah algebroid At(P) of P is the Lie
algebroid of the gauge groupoid Gauge(P) = P, which fits in the following short exact sequence:

0— =P xgg—>At(P) TM 0 (2.1.12)

where P X g is the associated bundle. O

We may replace the notions of Lie groupoids and Lie algebroids in the smooth category with the

analogous ones in the holomorphic category.
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2.1.3 The category of integrations

In this subsection, we closely follow [12], somewhat expanding the exposition.

A finite-dimensional Lie algebra g determines a lattice A(g) of connected Lie groups which integrate
it: G’ covers G in A(g) if there is a morphism G’ — G inducing the identity map on g. The initial object
of this lattice is the simply-connected integration é; all other groups in the lattice are quotients of G
by discrete subgroups of its center; and the terminal object, when it exists, is called the adjoint form of
the group.

When a Lie algebroid is integrable, its lattice, or more properly, its category of integrating Lie
groupoids has similar properties to those described above, but with some important differences. For
instance, there is the question of which integrations are Hausdorff. Also, unlike the case of Lie groups,
where morphisms among integrations are covering maps, for Lie groupoids these morphisms are only
local diffeomorphisms, which may fail to be covering maps globally.

We now define the category of integrations of a Lie algebroid; for this we need the groupoid analog

of (simple-)connectedness.

Definition 2.1.23. Any Lie groupoid G = M has a well-defined subgroupoid G¢ = M all of whose
source fibers are connected. If G = G¢, we say that G is source-connected.
If the source fibres of a source-connected groupoid are also simply connected, then the groupoid is

called source-simply-connected, or ssc for short.

By a result of Moerdijk-Mréun [29], an integrable Lie algebroid A has a source-simply-connected
integration G®°¢ which is unique up to a canonical isomorphism. Their results also show that any

source-connected integration G of A receives a unique morphism
p:G¥° — G, (2.1.13)

which is a surjective local diffeomorphism and a covering map along the source fibers. As a result, G%°¢

may be viewed as the initial object of a category of integrations, which we now define.

Definition 2.1.24. To a Lie algebroid A over M, we associate two categories
Gpd™(A) C Gpd(A) :

1. Objects of Gpd(A) are pairs (G, ¢), where G is a source-connected Lie groupoid over M and ¢ :
Lie(G) — A is an isomorphism covering the identity on M;

2. A morphism from (G, ¢) to (G’, ¢') is a Lie groupoid morphism ¢ : G — G’ such that ¢ = ¢'oLie(v)),
where Lie(v) is the Lie algebroid morphism induced by 1.

The subcategory of Hausdorff integrations is then denoted by Gpd™(A). A terminal object, when it
exists, is called the adjoint groupoid G*¥. There is at most one morphism between any two objects.

In analogy with Lie groups, each of the integrations in Gpd(A4) may be described as a quotient of the
source-simply-connected integration. To describe Lie groupoid quotients, we recall that a Lie groupoid
G = M is étale when dim(G) = dim(M); a subgroupoid N' = L of G = M is wide when L = M; such
a wide subgroupoid is normal if for all g € G(z,y) = s~ (x) Nt~ 1(y), we have

ng971 = Ny
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where N, = N'(z, ) is the isotropy group of N at € M. A normal subgroupoid defines an equivalence
relation R C G x G via
R:={(9,9)€GxG|Ng=Ng'}, (2.1.14)

whose equivalence classes are the right cosets G/N. Finally, N is totally disconnected if G(z,y) = &
for z # y.
We now describe the quotient construction for Lie groupoids, following [I9, Theorem 3.3], which

treats Hausdorff Lie groupoids but is easily extended to the general case:

Theorem 2.1.25 (Higgins-Mackenzie [19]). Let G = M be a Lie groupoid and N = M a totally
disconnected normal Lie subgroupoid. Then the quotient G/N = M 1is a Lie groupoid; it integrates
Lie(G) if and only if N = M is étale. Furthemore, if G is Hausdorff, then the quotient groupoid is
Hausdorff if and only if N is closed in G.

Sketch of proof: The only difference with the proof in [19] is that to obtain smoothness of G/A, we have
to use a theorem of Godement [36, Theorem I1.3.12.2], which states that if X is a possibly non-Hausdorff
smooth manifold, and R C X x X is an equivalence relation, then X/R is a possibly non-Hausdorff smooth
manifold if and only if R is a wide Lie subgroupoid of the pair groupoid X x X. Furthermore, if X is
Hausdorff, then X/R is Hausdorff if and only if R C X x X is closed. O

The following equivalence result follows immediately from Theorem [2.1.25

Theorem 2.1.26. A ssc integration G**¢ of the Lie algebroid A defines an equivalence of categories

between Gpd(A) and the poset A(G**¢) of étale, totally disconnected, normal Lie subgroupoids of G**¢, via
N : Gpd(4) - A(G"),

which takes a groupoid G to the kernel of the canonical morphism p : G*°¢ — G, and
G : A(G**¢) — Gpd(A),

which takes the normal subgroupoid N' C G*5¢ to the quotient groupoid G*5¢/N .
In the case that G**¢ is itself Hausdorff, then the equivalence identifies Gpd™ (A) with the subposet
A (A) C A(A) of closed subgroupoids.

Example 2.1.27. The tangent Lie algebroid T'M of a connected manifold M has ssc integration given
by the fundamental groupoid II; (M), and has adjoint groupoid given by the pair groupoid Pair(M) =
M x M. We determine all integrations of T M as follows. By Theorem [2.1.26] any integration G of TM
may be described as a quotient of II; (M) by a étale, totally disconnected normal Lie subgroupoid .
Since N is totally disconnected, it is contained in the isotropy subgroupoid of IT; (M), which is
étale, so that N is automatically étale. The fact that A is normal implies that N is determined by
its intersection with the isotropy group at any point xg € M, which is simply the fundamental group
Ty (wo, z9) = ™1 (M, z¢) based at xy. Hence N is uniquely determined by the choice of a normal subgroup
of the fundamental group of M, and so the category of integrations is equivalent to the lattice of normal

subgroups of the fundamental group of M:

Gpd™ (T M) = Gpd(T'M) = A(my (M)).



CHAPTER 2. PRELIMINARIES 12

The integrations of TM are all Hausdorff, since the normal subgroupoids described above are closed in
I, (M).

2.2 Poisson manifolds and symplectic groupoids

2.2.1 Poisson manifolds

Definition 2.2.1. A Poisson manifold is a smooth manifold M with a Lie bracket
{3 OF(M) x C=(M) — C*(M)
satisfying the Leibniz rule

{fg,h} = g, h} + g{f, h}.

For a function f € C*°(M), the Hamiltonian vector field of f, denoted by X, is the vector field
defined by the derivation {f,-} : C*°(M) — C>*(M).

Let X(M) = I'(T M) be the space of vector fields on M, and let X*(M) = T'(A¥T M) be the k-vector
fields. The graded space of multi-vector fields

X+ (M) = P x* ()
k
carries the Schouten bracket [35]
[] X5 (M) > X (M) — XM (M)

uniquely extending the Lie bracket on vector fields, making X°®(M) into a graded Lie algebra such that
the bracket is also a derivation, i.e. for X € X*(M) and Y € X!(M) and Z € X*(M), we have

(i) [X,¥] = —(=)*= DD, X
(i) [X,YAZ]=[X,Y]AZ+ (-1)* DY A[X, Z];
(iii) [X,[Y, 2] = [X, Y], Z] + (-1) DDy [X, Z]).

Since {f, g} only depends on df and dg, there exists a bi-vector field 7 € X2(M) such that
{f,g} = n(df,dg). (2.2.1)
Abusing the notation, let 7 also be the associated skew-symmetric bundle map
m:T"M —TM, o 1,7

Note we have m(df) = Xy, and the Poisson bracket {-,-} in (2.2.1) satisfies the Jacobi identity [22] if
and only if

[m, 7] = 0.

Consequently, we may write the Poisson manifold (M, {-,-}) equivalently as (M, x).
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Definition 2.2.2. A smooth map between Poisson manifolds
o (Ma {'7 }M) — (L7 {'7 }L)

is a Poisson morphism if and only if ¢* : C*°(L) — C°°(M) is a Lie algebra morphism.

Equivalently,
¢:(M,7) — (L,0)

is Poisson if and only if ¢ preserves the Poisson bi-vector, i.e. ¢.(7) = 0.
For a Poisson manifold (M, ), the cotangent bundle T*M with the anchor 7 : T*M — TM and the

Koszul bracket
[Oé, B] = Lﬂ'(a)ﬂ - L‘n’(ﬁ)a - d’/T(CY,B),

is a Lie algebroid. We call it the Poisson cotangent Lie algebroid of (M,r), or the Poisson
algebroid for short, and denote it by 77 M.

For a Poisson manifold (M, ), the graded complex X*®(M)carries a natural codifferential
de : X"(M) — X"THY(M), X+ [r, X] (2.2.2)

It is easy to verify that [r, 7] = 0 implies d, o d, = 0. The Poisson cohomology of (M, ), denoted
by H2(M), is defined to be the cohomology of the complex (X*(M),d,), which is nothing but the Lie
algebroid cohomology of the Poisson algebroid 17 M.

The zeroth Poisson cohomology HY is the Casimirs; the first Poisson cohomology H} is the Poisson
vector fields mod the Hamiltonians vector fields; the second Poisson cohomology H2 is the infinitesimal
deformations of the Poisson structure.

When 7 is non-degenerate, the anchor 7# extends to an isomorphism between (X*(M),d,) and the
deRham complex (2°(M),dgs). Similar to the deRham cohomology, the Poisson cohomology may be

computed inductively using the Mayer-Vietoris sequence of an open cover.

2.2.2 Symplectic groupoids

A Lie bialgebroid is the infinitesimal object of a so-called Poisson groupoid. Among the Poisson

groupoids, the so-called symplectic groupoids are of particular interest.

Definition 2.2.3. [211[38] A Poisson groupoid is a Lie groupoid G = M together with a multiplicative

Poisson structure . That is, the Poisson structure o is on G, and the graph of multiplication
Graph(m) = {(g,h,m(g,h)) | (g.h) € Gix:G}

is coisotropic inside (G x G X G, 0 ® o @ —0).

A symplectic groupoid is a Poisson groupoid (G = M, o) such that o is non-degenerate.
Remark 2.2.4. (i) Let (G = M, o) be a Poisson groupoid.

(1) The induced bivector m = s,(c) = —t.(c) on M is Poisson.

(2) The identity bisection id(M) is coisotropic.
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(ii) Let (G = M, o) be a symplectic groupoid. Let w = o~ ! be the corresponding symplectic structure,
ie. wh:TM — T*M is the inverse of o : T*M — TM.

(1) The identity bisection id(M) is Lagrangian inside (G,w).
(2) We have
m*(w) = s*w + t'w,
and the graph of multiplication Gr,, is Lagrangian inside (G x G X G,w ® w ® —w).

For a Poisson groupoid (G = M, o), since the identity bisection id(M) is coisotropic, its conormal
bundle N*(id(M)) inherits a Lie algebroid structure [39]. Now the Lie algebroid A = Lie(G) may be
identified with N(id(M)), so its dual A* is naturally a Lie algebroid. In fact, (A, A*) form a so-called
Lie bialgebroid, which we now explain.

For a Lie algebroid (A, M, [, ], a), we define the A-differential, the Lie derivative and the contraction

as follows:
1. The A-differential

d:T(A"A*) — T (A" A¥),

n+1

d¢(X17 e 7Xn) = Z(_l)k+1a’(Xk)(¢(X17 e 7Xk7 e 7Xn+1)) (223)
k=1

) (1RG(XG, X Xy X X X))

i<k

2. the Lie derivative £ : T'(A ® A"A*) — I'(A"A*) is defined as
Lx(p)(Y1,...,Y,) =a(X)(p(Y1,...,Xpn)) — Zd)(Yl, XY Y, (2.2.4)
k=1

3. the contraction ¢+ : (A ® A"T1A*) — T'(A"A*) is defined as

ix(B) (Y1, .. o) = 6(X, Yi,..., V). (2.2.5)

The A-differential, the Lie derivative and the contraction satisfies the usual properties similar to

those of the differential forms.
Definition 2.2.5. Let (4, M, a,[]) be a Lie algebroid. If the dual bundle A* carries a Lie algebroid
structure (A*, M, ay, [-,-]«) such that

d.[X,Y] = Lxd.Y — Lyd. X, (2.2.6)

then (A, A*) is a Lie bialgebroid.

Remark 2.2.6. For a Poisson manifold (M, ), the Poisson algebroid T*M and the tangent algebroid
TM form a Lie bialgebroid [26].

Proposition 2.2.7. [26] For a Poisson groupoid (G = M, o), the Lie algebroid A = Lie(G) and A*

form a Lie bialgebroid.
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We write Lie(G, o) = (A, A*) to indicate that the Lie bialgebroid (A, A*) is the infinitesimal object
of the Poisson groupoid (G = M, o).

Example 2.2.8. Let (M, ) be a Poisson manifold. Then (Pair(M), 7 @® —m) is a Poisson groupoid over
(M, ) and
Lie(Pair(M), 7 ® —m) = (TM, T M).

Example 2.2.9. For a symplectic groupoid (G = M, o), let m = s, (o) be the induced Poisson structure
on M. Then,
Lie(G,0) = (Tr M, TM).

Remark 2.2.10. [26] The converse to Example is also true. That is, if Lie(G,0) = (T2 M, TM),
then (G = M, o) is a symplectic groupoid of (M, 7).

For a Poisson manifold (M, ), the ssc integration G**¢ of the Lie algebroid T M carries a natural
multiplicative symplectic structure o, making (G**¢, o) a symplectic groupoid for (M, 7). In general,
however, other integrations of 7> M do not necessarily admit multiplicative symplectic structures. On

the other hand, multiplicative symplectic forms behave well under pullbacks, in the following sense.

Proposition 2.2.11. Let ¢ : G' — G be a morphism between groupoids integrating T*M. If o € Q*(G)
is multiplicative and symplectic, then so is ¢*o € Q%(G').

Remark 2.2.12. A immediate consequence of Proposition is the following. For a Poisson man-
ifold (M, ), if the adjoint integration of 7" M admits a multiplicative symplectic structure, then all

integrations of T*M are symplectic groupoids.

2.3 Projective blow-up

The notion of blow-up originates from algebraic geometry, e.g. [I7], Prop. 11.7.14. In this thesis, however,
we work in the category of real smooth manifolds, or the category of complex analytic manifolds.

Let M be a real smooth manifold, and let L be a closed submanifold such that codim (L) > 2. E| We
denote by Bl (M) the real projective blow-up of M along L. To construct Bl (M) from M, we replace
L by the projectivization of its normal bundle, P(N L), which then defines a hypersurface E C Bl (M)

called the exceptional divisor. The blow-down map
p:Blp(M)—= M

is a diffeomorphism away from E and coincides with the bundle projection P(NL) — L upon restriction

to the exceptional divisor.

Example 2.3.1. For X =R"” and Y = {(z1,...,%m,0,...,0) € X|z; € R} C X, we have

Bly (X) = {((x1,- -, %m), [Ymt1 i Y2t o1 Yn]) € R X RP"™ | gy = gy, m+1<4d,5 <n}.

I Alternatively in the complex analytic setting, M is a complex manifold, and L a closed complex submanifold.
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Any submanifold S C M having clearﬂ intersection with L may be “pulled back” to Bl (M), by

forming the proper transform (a.k.a the strict transform)
? = pil(S\L%

where the closure is taken in Bl (M). The proper transform S is itself a submanifold, naturally iso-
morphic to Blpng(S). Of course, if L NS has codimension 1 in S, the blowdown map restricts to a
diffeomorphism S 8.

The notion of proper transform has a useful generalization: if a map f : X — M has clean intersection
with L, then f lifts uniquely to a map from Bly-1(z)(X) to BlL(M). We require a special case of this

result, in which the domain remains unmodified.

Proposition 2.3.2. ([2], Theorem 4.4) Let L C M be a closed submanifold of codimension > 2. If
f:X — M is a smooth map and Y = f~1(L) C X is a hypersurface such that the bundle map

Nf:NY = f*NL

induced by the derivative T f is injective, then there exists a unique smooth map ]7: X — BIL(M) such

that f =po f.

Bl (M)
T e (2.3.1)

As a first application, we use Proposition to construct the action groupoid over the blow-up of

a G-invariant submanifold.

Proposition 2.3.3. Let G = M be a Lie groupoid, and let L C M be a closed G—invariant submanifold,
i.e. L is a union of G-orbits. Let M= Bl (M) be the blow-up of M along L.

The target map t : G — M may be interpreted as a Lie groupoid action t : GsxXiqM — M. This
action lifts to an action t : stpﬂ — M.

T

gsxpﬂ >

M
<id,p)i \ LP (2.3.2)
M

GsxiaM ——

Proof. Let E C M be the exceptional divisor. The preimage of L C M with respect to the map
f=to(id,p)is Gsx,E, a hypersurface of gsxpﬂ. Since Np : NE — NL is an injective bundle map

and L is G-invariant, it follows that
Nf:N(GsxpE) - NL

is an injective bundle morphism. By Proposition we get a smooth map t : G po\Al/ — ]\Aj7 which is

a groupoid action by continuity. O

2Submanifolds S, L have clean intersection when S N L is a submanifold and T(SNL) = TSNTL.
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Remark 2.3.4. The action groupoid G M;M is isomorphic to the blow-up of G along the subgroupoid
G|r. The map
(id,p) : G x; M = Gox,M — G =Gxy M

is the blow-down map, and together with p : M— Misa groupoid morphism.
The restriction of the action groupoid G K;M = M to the exception divisor £ ~ P(NL) C M is
naturally isomorphic to the projectivization of the linearization of G|, = L (Definition [2.1.13)). That is,

(g ><t~z\7) s = E ~ P(N(G|.)) = P(NL). (2.3.3)



Chapter 3

Birational constructions

In this chapter, we roughly follow the presentation of [12], albeit with more detailed and improved
perspectives. We also include some new examples.

In §3.1] we reproduce §2.3 of [12]. In we describe the blow-up of Poisson groupoids and the
elementary modification of Lie bialgebroids. In we describe the fiber product constructions of Lie

groupoids, generalizing the results in [30].

3.1 Blow-up of Lie groupoids

In this section, we demonstrate that the projective blow-up of a Lie groupoid G = M along a subgroupoid
‘H = L inherits a Lie groupoid structure, once a certain degeneracy locus is removed. We restrict our

attention to the case that the base L of the subgroupoid has codimension 1.

3.1.1 Lifting theorem

To lift the groupoid operations from G to the blow-up, we utilize the lifting criterion for smooth maps
given in Proposition [2.3.2l The key point is the lifting of the groupoid multiplication; to apply the
criterion here, we need the following description of the normal bundle of a fiber product of smooth maps
of pairs. Recall that if X C Y and L C M are submanifolds, then f : (Y, X) — (M, L) is a smooth map
of pairs when f : Y — M is a smooth map such that f(X) C L. Such a morphism of pairs induces a

morphism of normal bundles
Nf:NX — f*NL,

defined to be the quotient of (Tf)|x : TY|x — f*TM by T(f|x): TX — f*TL.

Lemma 3.1.1. Let f1 : (Y1,X1) = (M, L) and fo : (Yo, Xs) — (M, L) be transverse smooth maps of
pairﬂ. Then the fiber product of submanifolds X1 X, Xo C Y1 Xpr Yo has normal bundle given by

N<X1 XL XQ) = NX1 XNL NX2

Proof. Since f1 : X1 — M and f : X9 — M are transverse, their derivatives T'f; : TXy, — TM
and T'fy : TXy — TM are transverse. By the universal property of the fiber products, we have

1That is, both f1 : Y1 — M, fo: Yo — M and filx, : X1 = L, fa|x, : X2 — L are transverse.

18
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T(Xl XM Xg) = TX1 XTM TXQ Likewise, we have T(Y1 X YQ) = TY1 XTI TYé

T(Yl XL YYQ) TY1
T(X1 X M Xg) —_— TX1
e ‘

/

™

That is, the second and third levels of Diagram [3.1.1] are fiber products. Using the universal property
of fiber products again, the first level is also a fiber product. O

Theorem 3.1.2. Let H == L be a closed Lie subgroupoid of G = M owver the closed hypersurface L, and
define

[G:H] = Blu(G\(s (L) Ut~ (L)), (3.1.2)
where s and t are the source and target maps of G. There is a unique Lie groupoid structure [G:H] = M

such that the blow-down map restricted to [G:H] is a base-preserving Lie groupoid morphism
p:|G:H]—=G.

The exceptional locus H = [G:H]) N p~*(H) is then a Lie subgroupoid of codimension 1 in [G:H], along
which p restricts to a morphism HoH of Lie groupoids over L.

Proof. To obtain the result, we lift the groupoid structure on G to maps on G = [G:H] and verify that
the groupoid axioms are satisfied. First, if the blow-down p : G — G is to be a base-preserving Lie

groupoid morphism, the source and target maps of G must be given by
S=sop, t=tonp.

In the following steps, we show that 3,¢ are submersions, and then obtain the remaining lifts: the
multiplication m : G2 — G lifts uniquely to m : Q~ X M QN — Q~; the identity id : G — G lifts uniquely to
id: M — é; and the inverse map ¢ : G — G lifts uniquely to i : 5 — é

Once the lifts are defined, we see that they satisfy the groupoid conditions on an open dense set (the
complement of ﬁ), by continuity, the groupoid axioms hold on all of G and p: G — G is a Lie groupoid

morphism, completing the proof.
Step 1: The maps 3,t are submersions of pairs (5, ’ﬁ) — (M, L).

The blow-down p : G — G is a local diffeomorphism away from ’ﬁ, so it suffices to show that
Ts: (T§|7_~UT’;Q) — (T'M|y,,TL) is pairwise surjective. Since Tp : TH — TH and T's : TH — TL are
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surjective, we immediately obtain that T§|ﬁ :TH — TL is surjective.

0 TH TG|x NH 0
nghq iTE LNZ@V (3.1.3)
0 TL TM|,, NL 0

By the commutative diagram , it remains to show that the normal map Ns: N H — NL induced
by T's is surjective. Now, since s : (G, H) — (M, L) is a submersion, the induced map Ns: NH — NL
is surjective, with kernel subbundle Ky C NH, and the composition Ns = Ns o Np therefore fails to
be surjective along the subset P(Ks) C P(NH) = p~'(H) of the exceptional divisor. But P(Ky) =
p L (H)N s~ 1L has been removed in the definition , so that N's is surjective along H. The same
argument applies to the target map ¢, yielding the result.

Step 2: Lifting the multiplication map.

To lift the multiplication m : G — G to a map m : G® =G xyG — 5, we apply the universal

property of blow-up to the map f = mo (p x p) in order to complete the following commutative diagram.

G® . Bly(G)

G2 g

m

By Proposition m it suffices to show that f~1(#) is a hypersurface in G whose normal bundle
injects into NH via N f. First, note that f~1(H) = H® = H x H, which is a hypersurface (smooth
and codimension 1) by transversality. Then, to show that Nf : N H® 5 NH is injective, we show the
stronger result that s o f induces an isomorphism N H® — NL. Observe that

sof=somo(pxp)=sopio(pXxp)=5op,

where p; and p; are the first projections G Xy G — G and GxmuG— 5, respectively. The induced map

on normal bundles is then the following composition
N(H % H) = NH x i, NH P N7 Yo NI,

where we have used Lemma to compute N H® . The composition is an isomorphism since Ns is
surjective by Step 1 and Np; is surjective between bundles of rank 1.

Since N(s o f) is an isomorphism, it follows that N f(NH®) N K, = 0 and m(G?)NP(K,) = @.
Similarly m(G®) N P(K;) = @ and we obtain m(G®?) c G.

Step 3: Lifting the identity and inverse maps.

We apply Proposition to the identity map id : M — G and the composition of blow-down and
inverse maps iop : G — G to obtain the lifted identity map id: M — Bl (G) and the lifted inverse map
i : Bly(G) — Bly(G). As in Step 2, the image of id lies in G because id(M)NP(K,) = @ = id(M)NP(K,).
The image of i : G — Bly(G) lies in G because 7 exchanges s~ (L) and ¢ (L). O
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Remark 3.1.3. Using the same idea as Step 2 in the proof of Theorem we may extend the

multiplication map m : 5 X M (j — 5 in two ways
my G xar Bl (G) = Blu(G),  mg : Bly(G) xar G — Bly(G). (3.1.4)

That is, if G is compact, then Bly(G) is a compactification of G such that the left and right action of G

on itself extends.

3.1.2 Lower elementary modification of Lie algebroids

The blow-up operation for Lie groupoids given in Theorem corresponds to an operation on Lie

algebroids, which we now describe.

Definition 3.1.4. Let L be a closed hypersurface of M. Let A — M be a vector bundle, and B — L
a subbundle of A|;,. We define the lower elementary modification [A:B] of A along B to be the

vector bundle with sheaf of sections given by
[A:BJ(U)={X eT(U,A) | X|L eT(UNL,B)}, (3.1.5)

for open sets U C M.

The lower elementary modification [A: B] is sometimes called lower Hecke modification, e.g. [44],
and [A: B] is locally free because the ideal sheaf of L, 7y, is locally free of rank 1. For a Lie algebroid
(A, M, a) and a Lie subalgebroid (B, L,b) where L is a closed hypersurface of M, the bundle inclusion
B — Al is Lie algebroid morphism and Definition implies that the elementary modification
[A:B] is a Lie algebroid.

Corollary 3.1.5. Let G = M be a Lie groupoid, and H = L a closed Lie subgroupoid over the closed
hypersurface L, so that Lie(H) is a Lie subalgebroid of Lie(G). Then Lie([G:H]) has sheaf of sections
defined by

Lie([G:H]) = {X € Lie(G) | X|L € Lie(H)}. (3.1.6)

Proof. For any Lie groupoid, we may view the sections of its Lie algebroid as left-invariant vector fields
(always taken to be tangent to the source fibers). Therefore, it suffices to show that the blow-down map
p: [G:H] — G induces a bijection between the right hand side of , viewed as left invariant vector
fields on G tangent to H, and the left hand side of (3.1.6)), viewed as left invariant vector fields on [G: H].

Let X be a left-invariant vector field on G tangent to H, and let ¢ : I x G — G be its flow, defined
on a sufficiently small neighbourhood I C R of zero. We show that ¢ lifts to a flow on [G:H] by first
lifting the map to the blow-up Bl;x2(I X G), which completes the commutative diagram (here p,p’ are

the blow-down maps)

Blrxa(I x G) > Blay ()
pl pl (3.1.7)

and then noting that Bl;xs (I xG) = I xBly(G), so that ¢ is indeed a flow on Bly(G). Then X = (fl—%hzo is
the required lift of X to a left invariant vector field on [G:#]. The lift ¢ is obtained via Proposition
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as follows: since X is tangent to H, we have ¢! (H) = I x H, and so (¢ o p’) "' (H) is the exceptional
divisor in Blyyx# (I X G), a hypersurface. Furthermore, N(¢ o p) is the composition of the injective map
Np' and the isomorphism N ¢, so is itself injective, proving existence and uniqueness of q~5

Conversely, we show that Lie([G:H]) is generated by the lifts of left-invariant vector fields obtained
above. For a sufficiently small neighbourhood U C M of p € L, choose a basis of sections of Lie(H) over
U N L and extend them to linearly independent sections (X7, ..., X)) of Lie(G) over U. Extend this to
a basis (X1,..., X}, Xi41,-..,X,) of Lie(G) over U, which we also regard as left invariant vector fields
on G. Then, if f € C*(U,R) is a generator for the ideal sheaf of L in U, we see that

(X1se s X0 fXpats o X)), (3.1.8)

for f: s* f the pullback of f by the source map of G, forms a C*—basis for the right hand side of (3.1.6)),
showing, incidentally, that it defines a locally free sheaf.
Along the exceptional divisor E = P(NH) of the blowup Bly (G), the lifts of the vector fields (3.1.8))

have determinant given by
(p*dflu)" ' @ X1 A= A Xy,

where p*df|y is a function on E. This defines a section of det T'(Bly (G))|z which vanishes to order n—1
along the bundle of hyperplanes {p*dﬂH = 0} C E. But this is precisely the intersection £ N s~ (L),

which is removed in [G:H] = Bly(G) \ (s71(L) Ut~(L)). Hence the lifts of the vector fields (3.1.8)
generate Lie([G:H]), as required.

O

In view of Definition Corollary may be rephrased to state that there is a canonical
isomorphism

Lie([G:H]) & [Lie(G):Lie(H)]
of Lie algebroids, whenever H C G is a Lie subgroupoid over a closed hypersurface.

Example 3.1.6. Let Go = R? be the pair groupoid of R?, and choose coordinates (z,y). Let L = {x =
0}. Then we obtain a subgroupoid Hy = L x L C Gy. The Lie algebroid associated to the blow-up
G1 = [Go:Ho] is
: _ 2 B
Lie(Gy) = <x%, a—y>,
which we recognize as the log tangent algebroid T'(R?, L) = [T'(R?):TL].
Suppose we now blow up G; along the codimension 2 subgroupoid H; = pj '(ido(L)), where p; :
G1 — Go is the blow-down map. We have Lie(H;) = <x%>, and the Lie algebroid corresponding to
g2 = [gl 57’[1] is then
: _ o) 9
Lle(g2) = <.’I}%, $Fy>,
& D
2z N\ oy
On the other hand, we also have a codimension 3 subgroupoid H} = idi(L) of G;. We have Lie(H})
is the trivial Lie algebroid, and the Lie algebroid corresponding to G5 =[Gy : H}] is then

which is nothing but the Poisson algebroid TR?, for m = z

Lie(Gh) = <x2%, xa%>.

The blow-up Lie groupoid satisfies a kind of universal property as described below.
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Theorem 3.1.7. Let G = M be a Lie groupoid, and H = L a closed Lie subgroupoid over the closed
hypersurface L C M. Let F = M be a source-connected Lie groupoid and ¢ : F — G a morphism
covering idyy.

If Lie(p) factors through the elementary modification [Lie(G):Lie(H)] — Lie(G), then there exists

a unique groupoid morphism & : F — [G:H] completing the following commutative diagram.

G:H|
7. ip (3.1.9)
F—g

)

Proof. We show that ( satisfies the criterion in Proposition so lifts to a map @ : F — Bly(G). We
then show that the image lies in [G:H]; the remainder follows by continuity.

Let f,g,h be the Lie algebroids of F,G,H, respectively. Observe that L is a [g: h]-invariant sub-
manifold, and since we have a morphism f — [g: b], it is also a f-invariant submanifold. Since L is
closed, this implies that it is a union of f—orbits. Since F is source-connected, it follows that F| is a
source-connected Lie subgroupoid of F of codimension 1. In fact, F|;, = ¢~ !(H), which can be seen
as follows. Since Lie(y) factors through Lie(p) : [g:h] — g, we have Lie(p)(fl) C h. Therefore, the
exponential map gives ¢(F|) C H, since F|, is source-connected. For the reverse inclusion, note that
if k€ F\ Fl|r, then s(k) ¢ L, so (k) ¢ H.

Since we have shown that ¢ ~!(#) is a hypersurface, it remains to show that N¢)| 7|, s injective.
But the statement follows from the fact that ¢ intertwines the source maps of F and G, which are
submersions.

Finally, as in Step 2 of Theorem the image of the lift ¢ : F — Bly(G) lies in [G: H], because
Ny : N(p~Y(H)) — NH satisfies image(N¢) N K = image(Ny) N K; = 0, where Ky = ker(Ns: NH —
NL) and K; = ker(Nt: NH — NL).

O

Remark 3.1.8. If G = M is the adjoint integration of a Lie algebroid g, and H = L is a subgroupoid
over a closed hypersurface L, then [G:H]¢ is the adjoint integration of [g:h], where h = Lie(H).

In a certain situation, a two-step iterated blow-up of Lie groupoid is a single blow-up, as explained

below.

Theorem 3.1.9. Let G = M be a Lie groupoid, and K C H an inclusion of subgroupoids, each over the
closed hypersurface L C M. Then the proper transform K is a Lie subgroupoid of [G:H] over L, and we

have a natural isomorphism of groupoids
[G:K]° = [[G:H]:K]".

Proof. We write the blow-down maps as p: [G:H] — G, q: [[G:H]:K] — [G:H] and r : [G:K] — G, all
of which are Lie groupoid morphisms.

Since K C H, we have K= p~1(K). Restrict the source 3 = sop : [G:H] — M to K. Since p : K—K
and s : £ — L are submersions, it follows that s : K — L is submersion. Similarly, ¢ : K—Lisa
submersion. Since p is a groupoid morphism and p(f) = K, it follows that id(L) and ﬁ%(f X, E) both
lie in K. This shows K is a Lie subgroupoid of [G: H].
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Let g, b, € be the Lie algebroids of G, H, K, respectively. Since ¢ C h and b is a Lie subalgebroid of
g, it follows from Definition that

[o:¢] = [[g:b]:¢].

Since Lie(pogq) : [[g:h]: €] — g factors through [g: €], by Theorem we obtain a Lie groupoid
morphism

¢ [[G:H]:K]® — [G:K].

Likewise, Lie(r) : [g:€] — g factors through [[g:b]: €], so we obtain the morphism
¢ 1G:K]° = [[G:H]:K].

Since po ¢ : [G: K] — [G:K]¢ is a Lie groupoid morphism covering id on [g: €], it follows that ¢ o ¢ is
an automorphism of [G: K¢, showing that [G:K]¢ = [[G:H]: K]°. O

3.2 Blow-up of Poisson groupoids

In this section, we specializes the results of to Poisson groupoids.

3.2.1 Blow-up of Poisson manifolds

Let (M, ) be a Poisson manifold, and let L C M be a Poisson submanifold. The normal space N,L to

any point p € L then inherits a linear Poisson structure, defining a transverse Poisson structure
7y € T(L,N*L® A’NL), (3.2.1)

which exhibits the conormal bundle N*L as a bundle of Lie algebras.
In [32], Polishchuk observed that in order for the Poisson structure on M to lift to the blow-up

Bl (M), the transverse Poisson structure along L must be degenerate, in the following sense.

Definition 3.2.1. The transverse Poisson structure mn of a Poisson submanifold (L, n|r) C (M, n) is
called degenerate when
an =vAFE,

where v is the normal vector field obtained from 7y via the contraction N*L ® A2NL — NL, and E is
the Euler vector field on N L.

Remark 3.2.2. The Lie algebra on each conormal space NjL induced by a degenerate transverse
Poisson structure is either abelian, when v(p) = 0, or isomorphic to the semidirect product Lie algebra

R x R*~! associated to the action a -« = au of R on R?~!, where n = codim L.

Theorem 3.2.3 (Polishchuk [32]). Let (L,w|r) C (M, 7) be a closed Poisson submanifold with degen-
erate transverse Poisson structure wy. Then there is a unique Poisson structure ™ on Bl (M) such that

p«(T) = 7. Furthermore, the exceptional divisor is Poisson if and only if mn vanishes.

3.2.2 Lifting theorem

We apply Theorem to Poisson groupoids.
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Theorem 3.2.4. Let (G = M, o) be a Poisson groupoid such that
Lie(G,0) = (A, A™). (3.2.2)
Let L C M be a closed hypersurface, and let H = L be a Poisson subgroupoid such that
Lie(H,ox) = (B, B"). (3.2.3)

If the induced transverse Poisson structure on N*H is degenerate, then the blow-up Lie groupoid |G :

H] = M inherits a multiplicative Poisson structure o’ such that
Lie([G:H],0') = ([A: B],[A: B]*). (3.2.4)

where [A: B] is the lower modification of A along B and [A: B]* is the dual vector bundle.

The Lie algebroid [A : B]* can be described as an upper elementary modification, which we now

describe.

Definition 3.2.5. Let A — M be a vector bundle, and let B — L be a vector bundle over a closed

hypersurface L C M with a surjective bundle morphism
¢: Al — B. (3.2.5)

Let K = ker(¢) be the kernel. Let f be a defining function of L, i.e. f|r, =0 and df|; # 0.
We define the upper elementary modification {A:B} of A along B to be the vector bundle with
sheaf of sections given by

I({A:B}) = {X eT(A)®I;' | fX|, € [(K)}. (3.2.6)

Remark 3.2.6. Definition does not depend on the choice of the defining function f.

Recall that that in the case of a lower elementary modification of Lie algebroids [A: B], we require
that B is a Lie subalgebroid of A over a closed hypersurface L. In other words, we require that B is
a subbundle of A|z, and the bundle inclusion ¢ : B < A is a Lie algebroid morphism. For an upper
elementary modification of Lie algebroids {A : B} to be a Lie algebroid, we need the dual condition,

namely, ¢ : Al — B is a surjective Lie algebroid comorphism.

Definition 3.2.7. Let B — L and A — M be Lie algebroids, and let ¢ : L — M be a smooth map. A

comorphism of Lie algebroids over . is a vector bundle morphism ¢ : 1*A — B satisfying
o (a(X)(u)) =b((X))(t*(u)) for u e C*(M) and X € T'(A); (*)
o ([X,Y]) = [o(X), ¢(Y)] for X, Y € I'(A). (%)

Proposition 3.2.8. Let A — M be a Lie algebroid, and let B — L be a Lie algebroid over a closed
hypersurface L with a surjective comorphism ¢ : Al — B. Then the upper modification {A: B} has a
Lie algebroid structure such that the natural bundle map A — {A:B} is a Lie algebroid morphism.
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Proof. Condition (x) implies that K C ker(a|r : Al — TM|y). This means for X € I'(A4) such that
X|L € T(K), we have a(X) € T(TM(—L)). Therefore, the anchor a : A — TM lifts to a’ : {A: B} —
TM. Condition (%%) implies that the bracket on I'(A) lifts to a bracket on I'({A: B}). O

Example 3.2.9. Consider M = R? and the y-axis L = {x=0}. Let A = TM and B = TL with the
surjective bundle morphism
¢:AlL — B, 20, 22 (3.2.7)

Then the upper modification of vector bundles {A: B} exists and
. _ 10 0
{A:B} =<1g5.5,> - (3.2.8)

However, ¢ fails to be a comorphism of Lie algebroids. Neither (x) and (x%) are satisfied. The anchor

image of %a% is not well-defined, so there is no anchor map. Also, we have

.—.
8 =
|
|
2
|
w"_'

4 ¢ T({A:B}), (3.2.9)

x X

so the bracket is not closed. In conclusion, {A:B} is not a Lie algebroid.

Example 3.2.10. Consider M = R? and the y-axis L = {z=0}. Let A= [TM:TL] and B = TL with

the surjective bundle morphism

¢: Al — B, 220, 6% — 6% (3.2.10)

Then ¢ is a comorphism of Lie algebroids and the upper modification

{A:B} =< £, &> (3.2.11)
is the tangent algebroid T'M.

Now since [A: B]* = {A*: B*}, we may rephrase Theorem in the following way.

Theorem 3.2.11. Let (G = M, o) be a Poisson groupoid such that

Lie(G,0) = (A, A™). (3.2.12)
Let L C M be a closed hypersurface and let H = L be a Poisson subgroupoid such that

Lie(H,ox) = (B, B"). (3.2.13)

If the induced transverse Poisson structure on N*H is degenerate, then the induced bundle map

A*|L — B*

is a surjective Lie algebroid comorphism and the blow-up Lie groupoid [G:H] = M inherits a multiplica-

tive Poisson structure o’ such that

Lie([G:H],0') = ([A:B], {A*: B*}) (3.2.14)
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where [A: B] is the lower modification of A along B and {A*: B*} is the upper modification of A* along
B*.

3.3 Fiber products

In this subsection, we introduce the fiber product construction of Lie groupoids, generalizing the "puff’
construction of Monthubert [30].

Definition 3.3.1. Let M be a smooth manifold, and let Ly, Lo, ..., L, be closed hypersurfaces. We say
Li,Ly,..., L, are normal crossing if forx € L;,NL;,N...NL;,, the conormallines N;L; ,NyL;,,...,N;L

ims im
are linearly independent in T, M.
Following the language of algebraic geometry, we write a collection of normal crossing hypersurfaces

asD=Li+Ls+...+ L,, and call D a normal crossing divisor of M.

Remark 3.3.2. For a normal crossing divisor L1+ Lo+. ..+ L, of M, the intersection of m hypersurfaces

L;,NL;,N...NL;, is either empty or an embedded submanifold of dimension n —m.

Proposition 3.3.3. Let (A, M,a) be a Lie algebroid, and let (By, L) and (Bs, Lo) be Lie subalgebroids
where Ly + Lo 4s a normal crossing divisor.

For L5 = L1N Ly, we have that B1a = B1|L,,NBa|L,, s a Lie subalgebroid of By over L1o. Moreover,
[Bs: Bi2] is a Lie subalgebroid of [A: By] over La.

Sketch of the proof. The fact that By is a Lie subalgebroid of Bs is a straight-forward check of Definition
2.1.20] The fact that [Bg: Bjs] is a Lie subalgebroid of [A: B;] over Ly follows from Remark [2.1.21
O

Let (A, M, a) be a Lie algebroid, and let (By, L1), ..., (Bn, Ly) be Lie subalgebroids where Lj + Lo +
...+ Ly is a normal crossing divisor. For L;; = L; N L; # &, we write B;; = B;|r,; N Bj|L,;-
We define the Lie algebroid lower modification of A along By, ..., B,, denoted by [A: By, ..., By],

inductively as follows.

[AZBl] = [ABl]
[AIBl, BQ} = [[ABl} : [BQ ZBlg]]
[A: By, B2, B3] = [[A: B1, Ba]:[Bs: Bi3, Basl|

[AZBl,BQ, e ,Bn] [[AZBl,BQ, e ;Bn—l] : [Bn:BlnyB2n7 e 7B(n71)n”

Lemma 3.3.4. With the above notations, if the bundle maps q1 : [A:B1] = A and g3 : [A: Bs] — A are

transversal, then as a vector bundle, we have

[AIBl,BQ] = [ABﬂ Da [AB2}
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Proof. We fix the local generators for the vector bundles Byo, By, By and A as follows:

Bio =<Z1,... Zx>,

B =<Z1,..., 2, X1,..., X >,

By =<Z1,..., Zp; Xis1s - Xon >,
A=<Zy,.... 2, X1, o s X, Wi, oo, Wy >

Now assume locally, the hypersurface L, is parametrized by x = 0, and L is parametrized by y = 0.

Then, we have

[AZBl] :<Zl7...,Z]€,X17...,XI,LL'XZ+1,...J,‘Xm,.’l,‘Wl,...7.’EWn>,
[B2:B12] =<Zi,.. Zi,x X141, ... X >,
[[AZBl]Z[BQZBlg]] :<Zl,...,Zk,yXl,...,yXl,.’EXH_l,...IL’Xm,’I'yWh...,IL'yWn> .

On the other hand, we have

[AZBl] :<Zl,...7Zk,X1,...,Xl,l‘XH_l,...Z‘Xm,l‘Wl,...,an>,
[A:BQ] :<Z1,...,Zk,yXl,...,yXl,XH_l,...Xm,ywl,...,yWn>,
[A:B1]| @4 [A:Bs| =<Z1,..., Zk,y X1,y X, 2 X141, 2 X, xyWe, oo ayW, > .

Applying induction, we have the following result.

Proposition 3.3.5. With the above notations, if the bundle maps q; : [A: B;] — A are transversal, then

as vector bundles, we have
[A:By,...,By| =[A:B1]®4 [A:Ba] @4 ... D4 [A:B,)]. (3.3.1)

In particular, [A: By, ..., By] is independent of the ordering of B;.

Next, we introduce the fiber product of Lie groupoids, c.f. the strong fiber product of Lie groupoids
in [29] Let G = M be a Lie groupoid, and let H; = L; and Hs = Lo be a Lie subgroupoids where L;
and Lo are normal crossing hypersurfaces. Let G1 = [G:H1] and Go = [G:H2] be the blow-up groupoids
as in Theorem with the blow-down maps p; : G1 — G and py : G — G. We define a groupoid

structure on the fiber product

G =G1 %G ={(91,92) X G1 X Ga | pr(g1) = p2(g2)}

over the base manifold M as follows. For (g1, g2), € QN, ((91,92), (k1,ke2)) € g~;><;g~ and x € M, we have

s(g1,92) = s1(g1), t(g1,92) = ta(g2), m((91,92), (k1,k2)) = (91, k2),
id(z) = (idy (2),id2(2)), (91,92) 7" = (97", 95 ")

In general, p; : G1 — G and ps : Go — G are not necessarily transversal, but if they are, then

taking the Lie functor, we have that Lie algebroid morphisms Lie(p;) : Lie(G1) — Lie(G) and Lie(ps) :
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Lie(G2) — Lie(G) are also transversal. Writing A = Lie(G) A; = Lie(G1) and Ay = Lie(Gs), the Lie

functor commutes with the fiber product, i.e.
Lie(gl Xg gg) =A; ®a As. (332)

Applying induction, we obtain the following result.

Proposition 3.3.6. With the above notations, let G = M is a Lie groupoid integrating A, and for
j=1,...,n, let H; be the Lie subgroupoid integrating B;. For each j, we have that G; = [G:H,] is the
blow-up groupoid as in Theorem . If the blow-down maps p; : G; — G is transversal, then we have

Lie([g:%l]Xg... Xg[gZ,Hn]) = [A:Bl] Da...0a [ABn]

Alternatively, we may obtain a groupoid integrating [A: By, ..., By] by iterated blow up’s as follows

1. There is a Lie subgroupoid K; of G; integrating [Bs: Bis], and the blow-up groupoid [G:H1, Ha] =
[G1:K4] is a Lie groupoid integrating [A: By, Bs];

2. There is a Lie subgroupoid Ks of G integrating [Bs : Bis, Bas], and the blow-up groupoid [G :
Hi,Ha, Hs] = [G2:K2] is a Lie groupoid integrating [A: By, Bsl;

n. ... and the blow-up groupoid [G : Hi,...,Hn] = [Gn-1 : Kn_1] is a Lie groupoid integrating
[AZBh...,Bn}.

To conclude this chapter, we prove the groupoid analogue to Proposition [3.3.5

Lemma 3.3.7. With the above notations, we have
[G:H1, Hal® = ([G: HalxglG:Ha]) .
Proof. Let us write
G = ([0:H1]xg[G:Ha])* = (G1 xg Go), G5 = [G:H1, Hal",

and let pj : G5 — G be the composition of blow-down groupoid morphism. We use the universal property
of fiber products to construct a groupoid morphism ¢ : G5 — g , and then use Theorem to construct
another groupoid morphism 1 : G — G, which must be inverse to ¢.

Since Lie(G)) = [A: By, Bo] and [A: By, Ba] = [[A: Bg| : [By: Bi2]], it follows that Lie(p)) factors
through [A: Bs]. By Theorem we obtain a Lie groupoid morphism fi2 : G5 — Gy. That is, we have
a commutative diagram as follows

G, —=Gi

o

Go ——¢G

By the universal property of fiber products, we obtain a groupoid morphism ¢ : G5 — G.
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On the other hand, note that G5 = [G; : K1] is the blow-up groupoid and the natural projection
GG isa groupoid morphism. Since Lie(@) = Lie(G}), by Theorem we obtain a groupoid
morphism ) : G — gj. O

Apply induction, we have the following result.

Proposition 3.3.8. With the above notations, we have

[Q:Hl, . ,Hn]c = ([gZHl]Xg . Xg[g:H”])c . (333)



Chapter 4

Log symplectic manifolds

Poisson manifolds of log symplectic type were studied by Goto in the holomorphic category [I1], and
by Guillemin, Miranda and Pires in the smooth category [I5, [I6]. In dimension 2, Radko provided a
complete classification [34]. These Poisson manifolds are generically symplectic, and degenerate along
a hypersurface. In we describe the Poisson geometry near such a hypersurface. In we recall,
from [34], the classification of the orientable log symplectic surfaces, and extend it to the non-orientable

log symplectic surfaces.

4.1 Poisson geometry of the degeneracy locus

Definition 4.1.1. A log symplectic manifold is a smooth 2n—manifold M, equipped with a Poisson

structure m whose Pfaffian, 7™, vanishes transverselyE]

The degeneracy locus D = (7™)~1(0) is then an embedded, possibly disconnected, Poisson hyper-
surface, and M \ D is a union of open symplectic leaves. If M is compact, then both D and M \ D
have finitely many components. The Poisson structure 7 is called log symplectic because 7! defines a

logarithmic symplectic form, as we now explain.

Definition 4.1.2. The log tangent bundle T(M, D) associated to a closed hypersurface D C M is the

vector bundle associated to the sheaf of vector fields on M tangent to D.

Equipped with the induced Lie bracket and the inclusion morphism a : T(M, D) — TM, it is a Lie
algebroid. In fact, we have T(M, D) = [TM:TD].

Remark 4.1.3. The de Rham complex of the Lie algebroid T'(M, D) may be interpreted as differential
forms with logarithmic singularities along D; it was introduced in [9] and is denoted by (%, (log D), d).

Proposition 4.1.4. Let (M, ) be a log symplectic manifold with degeneracy locus D. Then w1 deter-

mines a nondegenerate closed logarithmic 2-form in Q3,(log D).

Proof. If f is a local smooth function vanishing to first order along D, then 7 (df) must vanish along D,

since D is Poisson. Therefore, 7(df) = fY for a smooth vector field Y, which must be tangent to D,

IThat is, for £ € M such that 7" (z) = 0, we have dn™(x) # 0.

31
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since Y (f) = f~n(df,df) = 0. This proves that = : T*M — TM lifts to 7 : T*(M, D) — T(M, D),

commuting with the natural inclusions:

T*(M, D) ——= T(M, D)

It remains to show 7 is an isomorphism, but this is obtained from the determinant of the above diagram:
det a and det a* vanish to first order along D, whereas det m = 7™ ® n™ vanishes to second order. Hence

1

7 is nondegenerate, and 7! is closed since 7! is a well-defined symplectic form on M\D. O

To describe the geometry of log symplectic manifolds in a neighbourhood of the degeneracy locus,
we make use of the notion of a rank 1 Poisson module [32] or Poisson line bundle, which is a line bundle

with a flat Lie algebroid connection with respect to the Poisson algebroid 17 M.

Definition 4.1.5. A Poisson vector bundle over the Poisson manifold (M, ) is a vector bundle
V — M equipped with a flat Poisson connection, i.e. a differential operator 9 : T'(V) = I'(TM ® V)
such that 9(fs) = m(df) ® s + fOs for f € C°°(M) and with vanishing curvature in I'(A2TM).

A real line bundle L always admits a flat connection V, and any flat Poisson connection 9 may be
written

Dm0Vt 2 (4.1.1)

for Z a Poisson vector field. Another flat connection V' differs from V by a closed real 1-form A, so that
the Poisson vector field Z is determined uniquely by 0 only up to the addition of a locally Hamiltonian
vector field. For this reason, if the underlying Poisson manifold has odd dimension 2n—1, the multivector
Z A7~ is independent of the choice of V. We call this the residue of (L, d), following [14].

Definition 4.1.6. The residue x € I'(A*"~1TD) of a Poisson line bundle (L, ) over a Poisson (2n—1)—
manifold (D, o) is defined by
x=2ZANo" 1,

where Z is a Poisson vector field given by (4.1.1)).

Example 4.1.7. The anti-canonical bundle K* = det T'M is a Poisson line bundle, with Poisson con-

nection 0 uniquely determined by the condition

9ar(p) = L (ap)ps (4.1.2)

where f € C°°(M) and p € T(K*). In coordinates where 7 = 778, A 9,,, the associated Poisson vector
field via is Z = (0x7*)0,,, known as the modular vector field [42] associated to the Lebesgue

measure.

We now describe the Poisson geometry of the degeneracy locus D, recovering some results of [15] by

slightly different means.

Proposition 4.1.8. The degeneracy locus D of a log symplectic 2n-manifold (M, w) is a (2n — 1)-
manifold whose Poisson structure has constant rank 2n — 2 and which admits a Poisson vector field

transverse to the symplectic foliation. In particular, D is unimodular.
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Proof. Since 7" vanishes transversely along D, its first derivative (i.e. first jet) j!(7™) defines, along D,
a nonvanishing section y of N*D ® A>"TM|p = A?"~1TD, i.e. a covolume form on D. On the other
hand, the Leibniz rule for any connection on TM gives V™ = nr™ ! AV, so that 77! is nonvanishing
along D, showing 7 has rank 2n — 2 along D.

By Example the anti-canonical bundle K* = det TM has a natural flat Poisson connection
0. Upon choosing a usual flat connection V on K*, we obtain, via , a Poisson vector field Z
on M, which must be tangent to the degeneracy locus D. It remains to show that Z is transverse to
the symplectic leaves on D. This may be rephrased as follows: the anti-canonical bundle restricts to
a Poisson line bundle on D, canonically the normal bundle ND, and we claim its residue Z A 77! is
nonvanishing. In fact, we show it coincides with the covolume y defined above.

To see this, choose a flat local trivialization p for K* near a point in D. Then 7™ = fp, for a smooth

function f. From (4.1.2)), we have O™ = 0, and applying (4.1.1]), we obtain 7(df) + fZ =0, i.e. Z has
singular Hamiltonian — log f. Therefore:

X =Te(Va")[p = Te(V(fp))lp = (iarog r7")|p = n(Z A7"Y)|p,

showing that Z A 7"~ ! is nonvanishing on D, as required. Also, since Z is Poisson, this covolume form

is invariant under Hamiltonian flows, i.e. D is unimodular. O

Proposition has a converse, because the total space of a Poisson line bundle is naturally Pois-
son [32]. This provides an alternative approach to the extension theorem for regular corank one Poisson

structures in [16].

Proposition 4.1.9. Let (D,o) be a Poisson (2n — 1)-manifold of constant rank 2n — 2, and let N be
a Poisson line bundle with nonvanishing residue x € T'(A*"~YTD). Then the total space of N is a log

symplectic manifold with degeneracy locus (D, o).

Proof. Choose a flat connectiot V on N, and let Z be given by (4.1.1). Let & and Z be the horizontal
lifts of o and Z to the total space tot(IN) of N, and let E be the Euler vector field. Then

ﬂ:&—l—Z/\E (413)

is a log symplectic structure on tot(N) with degeneracy locus (D, o). We now verify that 7 is independent
of the choice of V: for another connection V' = V + A, the horizontal lifts differ by X’ — X = A(X)E,
so that

d=c+0(A)NE.

On the other hand, for the new connection Z' = Z — o(A), so that
Z'NE=ZNE—o(A)AE,

showing (4.1.3)) is independent of V.
O

2Proposition also holds for complex line bundles [32], when flat connections may not exist; for later convenience
we present an argument tailored to the real case.
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In the proof of Proposition we saw that the normal bundle of the degeneracy locus is itself
a Poisson line bundle. By Proposition therefore, its total space inherits a natural log symplectic
structure. This structure is called the linearization of 7 along D. We require a very concrete description

of this linearized Poisson structure, so we restrict to a special class of log symplectic manifolds.

Definition 4.1.10. A log symplectic manifold is proper when each connected component D; of its

degeneracy locus D =[] ; Dj is compact and contains a compact symplectic leaf F}.

Now let (M, ) be a proper log symplectic manifold, with connected degeneracy locus D, containing
a compact symplectic leaf (F,w). As shown in [I5], it follows from the Reeb—Thurston stability theorem

that the transverse Poisson vector field Z renders D isomorphic to a symplectic mapping torus S} x, F:

FxR
(@,t) ~ (p(@), t +A)

Sy x, F = A >0, (4.1.4)

where ¢ : F' — F' is a symplectomorphism. Note that there is a natural projection map

R

PO\ K, F— Sy = ————
f8xxp FF— 53 Fe i\

1y* where ¢ is the inclusion morphism of

and the Poisson structure on the mapping torus is given by w™
the subbundle ker(7T'f) € T'D. The normal bundle of D is a real line bundle, classified up to isomorphism
by HY(D,Zs) = H*(F,Z2)% x Za, where H'(F,Z3)? denotes the subgroup of ¢—invariant classes. In
other words, the normal bundle is isomorphic to a tensor product N = L® *Q, where L is the line
bundle induced on the mapping torus from a Z-equivariant line bundle L on F', and @ is a line bundle on
Si. Choosing a Z-invariant flat connection on L and a flat connection on @, we obtain a flat connection

V on N. The Poisson module structure on NV is then simply
d=moV + 3t,

and so the residue x of the Poisson line bundle is (w™™* A f*dt)~!. The constant A retained in the
construction has an invariant meaning: it is the ratio of the volume of D (with respect to x~!) to the
volume of the symplectic leaf F' (with respect to w™~!). Summarizing the above discussion, we obtain

the following result.

Proposition 4.1.11. The linearization of a proper log symplectic 2n—-manifold along a connected compo-
nent D of its degeneracy locus is classified up to isomorphism by the following data: a compact symplectic
(2n—2)-manifold (F,w), a symplectomorphism o, a cohomology class in H'(F,Z2)? X Zs, and a positive

real number X, called the modular period.

One of the main results of [I6], extending the result in [34] for surfaces, is a proof, via a Moser-type
deformation argument, that log symplectic manifolds are linearizable, namely that a tubular neighbour-
hood of each component D; of the degeneracy locus is isomorphic, as a log symplectic manifold, to a

neighbourhood of the zero section in the linearization along D).

Theorem 4.1.12 (Guillemin—Miranda—Pires [16]). A log symplectic manifold is linearizable along its

degeneracy locus.
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Example 4.1.13. The cubic polynomial g(x) = z(x — 1)(x — ), 0 < t < 1, defines a Poisson structure
on R? given by
™= (9(x) = y*)0 N Dy,

which extends smoothly to a log symplectic structure on RP? with degeneracy locus D given by the real

elliptic curve y? = g(x), as shown below.

The degeneracy locus has two connected components: Dy, containing {(0,0),(¢,0)} and with trivial

normal bundle, and Dy, containing {(1,0), (c0,0)} and with nontrivial normal bundle. The residue x of

1

7 along D is such that x~" coincides with the Poincaré residue

dzx dzr

2 2 a(z— )z —1)

This extends to a holomorphic form on the complexified elliptic curve, in which Dy, Dy are cohomologous,

so that the modular periods Ag, A\; of Dy, D1 must coincide. The modular period )\ is therefore a classical

elliptic period [20], given by the Gauss hypergeometric function

4.2 Log symplectic surfaces

The log symplectic structures on an orientable surface were classified by Radko [34]. In this section, we
recall these results and provide a classification for log symplectic structure on an non-orientable surface.
Let (X, 7) be a log symplectic surface, and let D, = ]_[?=1 v; be the degeneracy locus where «; are

loops. Recall the modular period of v; is
N(m) =[x (4.2.1)

where x; is residue covolume form of 7; as in Proposition Let w = 7~ ! be the inverse of m, which
is a well-defined symplectic structure on ¥\ D. Let 7y be a non-degenerate Poisson structure on X, and
we write m = hmg where h is smooth function vanishes transversally on D,. The regularized volume
of (X, 7)

Vy = lim w. (4.2.2)
e—0 |h‘>€

is independent of the choice of .
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Theorem 4.2.1. [3]|] For a compact connected orientable surface 3, two log symplectic structures, m
and 7', are equivalent by an orientation-preserving Poisson isomorphism, if and only if the following are
satisfied:

1. (X,D;) ~ (X,Dy). That is, there is a diffeomorphism ¢ : ¥ — X such that (D) = Dy, say
e(v5) = ;-

2. The corresponding modular periods are equal, i.e. \j(m) = X;(7).

3. The regularized volumes are the same, i.e. V(r) =V (n').

Remark 4.2.2. If (X, D) ~ (X, D) and \j(7) = Aj(n’), i.e. the first two conditions are satisfied, and

we have V; = —V,/, then 7 and 7’ are equivalent by an orientation-reversing Poisson isomorphism.

From Theorem we may completely characterize the moduli space of log symplectic structures
on an orientable surface by a labeled graph as follows. [3]

For a log symplectic surface (3, 7) with degeneracy locus D = H?Zl 7;, we enumerate the open
symplectic leaves: ¥\ D = ]_[?il V;. We represent each open symplectic leaf V; by a vertex, and represent
each v; by an edge connecting the two adjacent open symplectic leaves. We label each edge with the
corresponding modular period A; of «;, and label each vertex with the genus g; of the corresponding
symplectic leaf V;. Furthermore, we label the entire graph with the absolute value of the regularized
volume V() of (X, 7).

Then Theorem together with Remark implies that the moduli space of log symplectic
structures on a compact orientable surface 3 of genus ¢ is characterized by the following a combinatorial
data:

1. A bipartite graphE|F with m vertices and n edges such that each vertex is labeled by a non-negative

integer g;, and each edge is labeled by a positive real number A;.

2. The sum of the integers g; and the first betti number b; of the graph I' equals g, i.e.
g= Zgi + by. (4.2.3)
i=1

3. A positive real number V(7).

Example 4.2.3. For a torus T2, let us consider a log symplectic structure 7 on T? such that the
degeneracy locus D, has exactly two homotopic circles. The torus is illustrated on the left and its

labeled graph is on the right:

Va At
regularized volume
=V(n) Tl Vi |2 0 0 [V(m)]

Va A2

3A graph is bipartite if each cycle has even number of vertices.
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Let us consider another log symplectic structure 7’ on T2 such that the degeneracy locus D, has

exactly two homotopically trivial circles. The torus is illustrated on the left and its labeled graph is on

the right:
regularized volume @
0 1 0

PYRREDY
@ [V (m)l

Now, we turn our attention to the log symplectic structures on a compact non-orientable surface.

O

Lemma 4.2.4. Let (X,7) be a compact connected non-orientable log symplectic surface, and let p : P
Y be the orientable double cover. There is a unique log symplectic structure ™ on Y such that p«(T) = .

Furthermore, the reqularized volume of T vanishes, i.e. Vz = 0.

Proof. Since p : ¥ — Y is a local diffeomorphism and being log symplectic is a local condition, it follows
that the unique Poisson structure 7 on X such that p.(7) = 7 is log symplectic. On the other hand,

04(T) = —7 where o : . — % is the involution of the orientable cover, so we have Vi = 0. O

Proposition 4.2.5. For a compact connected non-orientable surface 3, two log symplectic structures,

m and 7', are equivalent by a Poisson isomorphism, if and only if the following are satisfied:

1. (X,D;) ~ (X, Dys). That is, there is a diffeomorphism ¢ : ¥ — X such that ¢(Dy) = Dy, say
o(v;) =), forj=1,...,n.

2. The corresponding modular periods are equal, i.e. \j(m) = X;().

Sketch of proof. Let @ : (X, Dz) — (%, D#) be the lift of ¢ : (S, Dy) — (3, Dy). By Lemma we
have Vz = V. By Theorem we obtain a Poisson isomorphism ¢ : (X, %) — (3, 7).

The proof of Theoremuses Moser’s trick to obtain diffeomorphisms p; : Y = Y for0 <t <1lsuch
that pg = idg and p; = {/}v We observe that the Poisson maps p; may be chosen to be equivariant with

respect to the orientable cover, and therefore descends to a Poisson isomorphism ¢ : (X, 7) — (X, 7). O

Proposition yields a complete characterization of the moduli space of log symplectic structures
on a compact non-orientable surface by a labeled graph with half edges. Similar to the case of orientable
surfaces, we represent each open symplectic leaf V; by a vertex. If a degeneracy circle 7; has an orientable
normal bundle, then we represent v; by an edge connecting the two adjacent open symplectic leaves; If a
degeneracy circle ; has a non-orientable normal bundle, then we represent «; by a half-edge connected
to the adjacent open symplectic leaf. We label each edge (or half-edge) «,; with its modular period A;;
and we label each vertex with genus g; of the corresponding symplectic leaf V;.

For a graph with half-edges I', there is a regular graph I which is a double cover over I'. Recall that
a compact non-orientable surface is either isomorphic to the projective plane RP? with n handles or the
Klein bottle with n handles. Proposition [£:2.5]implies that the moduli space of log symplectic structures

on a compact non-orientable surface ¥ is characterized by the following a combinatorial data:



CHAPTER 4. LOG SYMPLECTIC MANIFOLDS 38

1. A bipartite graph with half edges I' such that each vertex is labeled by a non-negative integer g;,
and each edge (or half-edge) is labeled by a positive real number A;.

2. The sum of twice the integers g; and the first betti number by of the double cover graph T is

determined by the underlying compact non-orientable surface X. That is, if we define
gi=>_2gi+Dh, (4.2.4)
i=1

then § = 2n if ¥ is isomorphic to RP? with n handles, and § = 2n + 1 if ¥ is isomorphic to a Klein
bottle with n handles.

Example 4.2.6. For a Klein bottle K2, let us consider a log symplectic structure = on K2 such that
the degeneracy locus D, has exactly two homotopic circles with non-orientable normal bundles. The
Klein bottle with its orientable double cover is illustrated on the left, and the labeled graph with its

double cover is on the right:

0
Orientable cover: T? 2X1 22
0
Vi 1
0
Klein bottle: K? Vi o Va —_—
A1 A2
Tf Wi

O

For a compact orientable log symplectic surface (X, ), the Poisson cohomology H* (X, ) was com-
puted in [34], using the Mayer-Vietoris sequence of an open cover {U, V'} where U is a neighbourhood of

the degeneracy locus and V is the complement of the degeneracy locus. We summarize the results here:

HY(®) =<1>,
Hi(S) =<Z1,+ ,Zn>® 7" (Hin(D)),

H72r(2) =<To, 71, " ,Tn >,
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where Z; is the transverse Poisson vector field on the degeneracy circle y; defined in (4.1.1)); m is some
non-degenerate Poisson structure on ¥; and 7; = f;m where f; is a bump function around ~;.
Using the same strategy, for a compact non-orientable log symplectic surface (X, ), the Poisson

cohomology H(3,7) is as follows:

HY(Y) =<1>,
Hy(S)=<Zy, -, Zy>® n* (Hip(T)),
H2(Z) =<1, 700> .

Comparing to the case of orientable surfaces, the only difference is that we lose <> in H2(3X) because

we cannot deform the regularized volume.



Chapter 5

Examples of birational constructions

In this chapter, we apply the birational construction introduced in §3]to several example of Lie groupoids
whose Lie algebroids are lower elementary modifications of the tangent algebroid.

In we construct the adjoint groupoid of an log tangent algebroid. In the real case, this is the
algebroid whose sections are the vector fields tangent to a collection of normal crossing hypersurfaces. In
this case, the construction reproduces the ’puff’ construction of Monthubert [30]. In the complex case,
we restrict our attention to the case of Riemann surface with a divisor. The log tangent algebroid has
sections which are vector fields vanishing up to the prescribed order with respect to the divisor. In

we construct the adjoint symplectic groupoid of a log symplectic manifold following [12].

5.1 Th log pair groupoid

5.1.1 Normal crossing hypersurfaces

We slightly generalize Definition by allowing D to be a normal crossing divisor as in Definition
3.3.11 That is, let M be a smooth manifold, and let D = Ly 4+ La + ...+ L,, where L; are closed normal
crossing hypersurfaces. The log tangent bundle T'(M, D) is the vector bundle whose sheaf of sections
are vector fields tangent to each L;.

The log tangent bundle T'(M, D) is a Lie algebroid, and can be written as a fiber product of Lie

algebroids as follows:
[TM:TLy,TLs,...,TL,| = [TM:TLy]| ®ppn [TM:TL3) ®1ps ... Bry [TM:TL,).

For simplicity, let us assume that each L; are connected. Let G = Pair(M) be the pair groupoid of M.
For each j, let H; = Pair(L;) be the pair groupoid of L;, and let G; = [G:#;]° be the source-connected
blow-up groupoid as in Theorem By Proposition the log pair groupoid

Pair(M, D) = Ql Xg g2 Xg ... Xg gn
= [Pair(M): Pair(L1)]° Xpair(ar) [Pair(M):Pair(Lz2)]® Xpair(ar) - - - Xpair(ar) [Pair(M): Pair(Ly, )]

integrates T(M, D), i.e. the ’puff’ construction by Monthubert [30]. Note Pair(M, D) is source-

connected.

40
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By Proposition Pair(M, D) may also be obtained by iterative blow-up’s. Inductively applying
Remark we conclude that Pair(M, D) is the adjoint integration of T'(M, D).

5.1.2 Divisors on a Riemann surface

For this subsection, we work in the complex category, where the groupoid [G : H] is constructed by a

complex blow-up.

Definition 5.1.1. Let X be a Riemann surface, and let D = dyp1 + daps + ... + dipr be a divisor on X.
We define the log tangent sheaf twisted by —D, denoted by 7X(—D), to be the sheaf of vector fields on
X vanishing up to order d; at the point p;.

In particular, if D is trivial, then we recover the tangent sheaf 7X.

The log tangent sheaf 7X(—D) is locally free. We denote the corresponding vector bundle by TX(—D).
Equipped with the bracket of vector fields, TX(—D) is a Lie algebroid.

The representations of these log tangent algebroids are the meromorphic connections. In this case, the
equivalence between the representation of the Lie algebroid and the representation of its ssc integration
is essentially the Riemann-Hilbert correspondence. If the divisor contains higher order poles, then the
representation of the log tangent algebroid exhibit the Stoke’s phenomenon. For more details, please see
[13] and its references.

Consider the pair groupoid Pair(X) = X, we do a complex blow-up along id(p;) C Pair(X) and
obtain the blow-up groupoid

Pair(X,p;) = [Pair(X):id(p1)] = X

as in Theorem which integrates the Lie algebroid TX(—p;1). Notice that id(p1) C Pair(X, p1)
is, again, a subgroupoid of complex codimension 2, so we may do an iterated blow-up and obtain
Pair(X,2p;) = [Pair(X,p1) : id(p1)]. Proceed in this fashion, we have Pair(X,d;p;) which integrates
TX(=dip1).

Similarly, for each j = 1,..., k, we may obtain Pair(X, d;p;) integrating TX(—d;p;). By Proposition
the fiber product product

Pair(X, D) = Pair(X, dlpl) XPair(X) Pair(X, dgpg) XPair(X) . XPair(X) Pair(X, dkpk) (511)

integrates the log tangent algebroid TX(—D). In addition, Pair(X, D) is adjoint by Proposition and
Remark B.1.8

5.2 The symplectic pair groupoid

In this section, we construct the adjoint symplectic groupoid of a log symplectic manifold, following [12].

Let (M, ) be a proper log symplectic manifold. The degeneracy locus D = [[.., D; is a closed

JED
hypersurface where D; are the connected components. We shall prove that beginning with the Poisson
pair groupoid (Pair(M),w & —m), the log pair groupoid Pair(M, D) is a Poisson groupoid too. For this,

we apply Theorem [3.2.3]in the following special case.

Proposition 5.2.1. Let (M, m) and (M, m) be log symplectic manifolds with degeneracy loci D1 and

Dy, respectively. Then there is a unique Poisson structure T on the blowup Blp, x p, (My x Ms) such that
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p«(T) = w1 ® 72, and T is log symplectic on

X = BlDlng(Ml X MQ)\(Ml X D2 @] Dl X ]\42)7

with degeneracy locus given by the exceptional divisor XNP (N(D; x Dy)) in X.

Proof. Let M = M; x M, and note that the transverse Poisson structure wy along L = Dy x Dy
vanishes. By Theorem there is a unique Poisson structure 7 on Bl (M) such that p.(7) = 71 ® ma.
We must show that the Pfaffian of 7 vanishes transversely along Bl (M) NP(NL).

By the linearization Theorem we may, as in Proposition take M; = tot(N;) to be the

total space of a line bundle N; over D;, and after choosing connections we obtain
;=0 + Z; N E;,

where Z; and o; are the vector and bivector fields on D;, respectively, horizontally lifted to M;, and E;
is the Euler vector field on tot(N;), which may be viewed as a section E; € I'(D;, N*D; ® ND;).
Then, if dim M; = 2n;, the Pfaffian of m = 71 ® 7o is

Tt — By ANFEo ANZy Ao T AN Zy Aoy Th
(5.2.1)
=cEy N Ex A x1 A X,

where ¢ is a nonzero constant and x; € I'(D;, A" T'D;) are the residues from Definition Hence we

see that the Pfaffian may be viewed invariantly as a nonvanishing section
amtn2 ¢ (L, Sym?’ N*L @ A2NL @ det TL).

After blowing up, this section defines a covolume form which vanishes linearly on the exceptional divisor,
in the following way. First, the blowup Bl (M) may be identified with the total space of the tautological
line bundle ¢ : U — P(NL). Covolume forms on tot(U) which vary linearly on the fibers are sections of

¢*U* @ det(T(tot(U))) = ¢* det TP(NL). (5.2.2)
Using the blow-down map p : P(NL) — L, we write the Euler sequence
0—R—U*®@p*NL——V ——0, (5.2.3)
defining the relative tangent bundle V for the projection p. Also, we have the exact sequence

0—=V—=TP(NL) p*TL 0. (5.2.4)

Combining (5.2.2), (5.2.3)), and (5.2.4)), we see that fiberwise linear covolume forms on tot(U) are given

by sections of
det(U* @ p* NL) @ det p*TL = (U*)? @ p*(A*NL @ det TL),

where we have used the fact that L is codimension 2.

Squaring the restriction p* N* — U*, we obtain a natural map r : p*Sym?N*L — (U*)?2, so that the
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Pfaffian defines a section
r@ (7™ T"2) e T(P(NL), (U*)? @ p*(A°NL @ det TL)).

Therefore, after blow-up, the Pfaffian defines a fiberwise linear covolume form on tot(U) which varies
quadratically along the projective fibers, vanishing (due to the factorization (5.2.1))) along the fibers over
the pair of sections P(N(M; x D3)), P(N(D; x Ms)) of P(NL), which coincide with the loci My x Dy

and Dy x M, along the exceptional divisor, as required. O

Theorem 5.2.2. Let (M, ) be a log symplectic manifold with degeneracy locus D, and let p : Pair(M, D) —
Pair(M) be the blow-down groupoid morphism. Then there is a unique log symplectic structure o on
Pair(M, D) such that ps(c) = —m ®w. This makes (Pair(M, D), o) a Poisson groupoid over (M, ), and

the blow-down a morphism of Poisson groupoids.

Proof. Since D;j N Dy, = @ for j # k, we have

Pair(M, D) = [Pair(M):Pair®(D)] = Blpaie(py(Pair(M))\s~ (D) Ut~ (D),

where Pair®(D) = ][, Pair(D;). It follows that the proper transforms of

DxM=sYD), MxD=t*D)

have been removed, so by Proposition [5.2.1] we obtain the required log symplectic structure o on
Pair(M, D) lifting —7 @ 7 on Pair(M).
Since the graph of the multiplication on Pair(M, D) is coisotropic on an open dense subset, it follows

that the graph must be everywhere coisotropic, proving (Pair(M, D), o) is a Poisson groupoid. O

To obtain the adjoint symplectic groupoid of the proper log symplectic manifold (M, ), we need to
do a second blow-up to the log pair groupoid Pair(M, D). By Theorem each connected component
D; of the degeneracy locus D is a symplectic fiber bundle f; : D; — v; over a circle y; = S, With
v = [1;ep7j> We obtain a projection map

J:D =7,

which endows the pair (M, D) with a structure akin to that of a manifold with fibered boundary [28].
The Lie algebroid T* M of such a Poisson structure is isomorphic via the anchor map to the Lie algebroid

Ty(M, D) whose sheaf of sections is given by
T;(M, D)(U) = {X & T(U,TU) | X|p € T(D,ker )},

and this algebroid may be expressed as an elementary modification in the sense of Definition as
follows. The log tangent algebroid T'(M, D) restricts to D to define a Lie algebroid T'(M, D)|p, naturally
isomorphic to the Atiyah algebroid At(N D) of infinitesimal symmetries of the normal bundle of D. The

composition of the projection in the exact sequence
0——=R——=At(ND)——=TD——=0

with T'f : TD — T+ has a kernel At;(ND) C At(ND), which may be viewed as a relative Atiyah
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algebroid with respect to the fibration f. Therefore we obtain the following representation of the Lie

algebroid underlying 77 M as an elementary modification:
Ty(M,D) = [T'(M,D):At;(ND)]. (5.2.5)

By construction, At;(ND) is a subalgebroid of T(M, D), and we now construct the corresponding
subgroupoid of Pair(M, D), which may be viewed as the gauge groupoid of N D relative to the fibration

I
Inside the pair groupoids [] jep Pair(D;), we have the pair groupoids relative to f, given by

Pairy(D) = [[(D; x4, D;).
JE€D

Its preimage in the exceptional divisor for the blow-down p : Pair(M, D) — Pair(M) is

GLf (ND) =p~" [ [[(Dsx~,D;) | - (5.2.6)
JED
This defines a Poisson subgroupoid GLJT(ND) = D, with Lie bialgebroid (At;(ND),TD), which is a

codimension 2 symplectic leaf in the log symplectic manifold Pair(M, D). We now perform a blow-up

to obtain a symplectic groupoid integrating 7> M.

Theorem 5.2.3. Let (M, ) be a proper log symplectic manifold with degeneracy locus D C M, and let
GL}'(ND) = D be the subgroupoid of Pair(M, D) = M defined in (5.2.6). Then the groupoid

Pair, (M) = [Pair(M, D):GL} (N D)] (5.2.7)

has a unique symplectic structure w such that the blow-down Pair, (M) — Pair(M, D) is Poisson. This
makes (Pair, (M), w) a symplectic groupoid integrating (M, ), and the blow-down a morphism of Poisson

groupoids. a symplectic groupoid integrating (M, ), and the blow-down a morphism of Poisson groupoids.

Proof. Let (Pair(M, D),o) = (M, ) be the Poisson groupoid constructed in Theorem and let s, ¢
be its source and target maps. The subgroupoid GLJT (ND) = D is a symplectic leaf in the degeneracy
locus of the log symplectic manifold (Pair(M, D), o). It follows that the transverse Poisson structure on
the normal bundle of GL} (N D) is degenerate, so by Theorem the blow-up

Bloy+ vy (Pair(M, D)) 2, Pair(M, D)

inherits a unique Poisson structure & such that p,o = . Furthermore, since ¢ is multiplicative away
from the exceptional divisor, it must be multiplicative by continuity.

Recall that for the pair Poisson groupoid, we have its Lie bialgebroid

Lie (Pair(M), 7 & —m) = (T'M,T; M) = (T'M,T;(M, D)).
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By Theorem [3.2.11] we have

Lie (Pair(M, D),o) = ([TM:TD],{Ty(M,D):TD})

= (T(M, D), T(M, D)),
Lie (Pair,(M),o) = ([T (M D):At(ND)),{T(M,D):TD})
= (

T¢(M, D), TM) = (T M, TM).

By Remark [2.2.10 (Pair7r (M),w= 5’1) is a symplectic groupoid of (M, ).
O

Remark 5.2.4. The blow-up of a source-connected Lie groupoid along a source-connected subgroupoid
may fail to be source-connected, since the exceptional divisor in consists of a projective bundle
with two families of hyperplanes removed, and the complement of a pair of hyperplanes in RP™ is
generically disconnected. In the case of the symplectic pair groupoid , however, the deleted loci
coincide, and so Pair, (M), as defined, is source-connected.

In particular, since the log pair groupoid Pair(M, D) is adjoint, by Remark [3.1.8] the symplectic pair
groupoid (Pair, (M), w) is also adjoint.

Using Theorem we may also construct the symplectic pair groupoid Pair,(M) by a single
blow-up.

Corollary 5.2.5. The symplectic pair groupoid (Pair, (M), w) may be alternatively constructed as [Pair(M):
Pair¢(D)]°.

Proof. Recall that Pairy(D) C Pair®(D) C Pair(M) and the symplectic pair groupoid Pair, (M) is

constructed as
Pair, (M) = [Pair(M, D):p~*(Pair;(D))]
= [[Pair(M): Pair®(D)]* :p_l(Pairf(D))]
= [[Pair(M): Pair®(D)]°: Pair(D)].

where p : Pair(M,D) — Pair(M) is the blow-down map. Since Pair,(M) is source-connected, by
Theorem we obtain Pair, (M) = [Pair(M):Pairy(D)]°. O



Chapter 6

Gluing construction and groupoid

classifications

In this chapter, we present a general method for constructing Lie groupoids on a manifold by gluing
together groupoids defined on the open sets of a covering. For this to be possible, the open cover must
be adapted to the orbits of the lie algebroid in question; groupoids are inherently global objects and in
general cannot be so easily decomposed. In §6.1} we consider a simple kind of cover, called an orbit
cover, which permits the result to hold.

We use this construction to explicitly describe the category of all groupoids integrating the log tangent
bundle of a closed hypersurface D C M, as well as all Hausdorff symplectic groupoids integrating proper
log symplectic manifolds in any dimension. This involves solving a local classification problem near each
component of the degeneracy locus, and then combining these local results in a specific manner using a
graph constructed from the global geometry of the manifold and its embedded hypersurfaces.

We also use this construction to explicitly describe the category of all groupoids integrating the Lie

algebroid of meromorphic vector fields bounded by a divisor D on a Riemann surface X.

6.1 Orbit covers and the gluing of Lie groupoids

A typical way to construct manifolds is by the fibered coproduct operation, also known as gluing. If M,
M> are manifolds equipped with open immersions i1 : U < M, iy : U < M5 from a manifold U, then

the fibered coproduct is given by

My [] Mo
M My = .
1]5[ 2T (@) ~ix(m) Yz EU

The caveat is that the resulting space is only Hausdorff when the graph of the equivalence relation above
is closed in My x Ms. So, the fibered coproduct of manifolds is a possibly non-Hausdorff manifold.
Suppose that A is a Lie algebroid over a fibered coproduct of manifolds as above. We would like to
construct a Lie groupoid integrating A by gluing integrations over M; and Ms using open immersions of
an integration over U. But, groupoids are non-local, and such a simple gluing construction is not generally

possible. For example, the fundamental groupoid of the fibered coproduct should contain paths joining
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points in M; with points in M5, and these may not be present in either of the fundamental groupoids
of My, Ms. In general, a groupoid coproduct operation is required, whereby compositions absent from
the naive gluing of spaces are formally adjoined. However, we are able to avoid this complication, by
using a decomposition of the base which is adapted to the orbits of the Lie algebroid. Heuristically, we
are able to naively glue groupoids, but only along interfaces where they are actually local over the base.

Essentially the same strategy was used by Nistor [31] to obtain groupoids of interest in the theory of
pseudodifferential operators; the setup we present below, while less general than his theory of A-invariant
stratifications, is well-adapted for our purpose, which is to classify integrations of log tangent and log

symplectic algebroids.

Definition 6.1.1. Let A be a Lie algebroid over the manifold M. An open cover {U;};csr of M is called
an orbit cover if each orbit of the Lie algebroid is completely contained in at least one of the open sets
Us.

Definition 6.1.2. Given a groupoid G = M and an open set U C M, we define the restriction of the
groupoid to U to be the Lie subgroupoid

Glu = s (U) Nt~ L (U).

If A is an integrable Lie algebroid, we define Ry to be the restriction functor from the category of

source-connected integrations of A to that of A|y:

Ry : Gpd(A) — Gpd(A|y)
(ga ¢) = ((g|U)cv (ZS‘U)

Remark 6.1.3. If S C M is a submanifold which is closed and A-invariant, meaning a(A|g) C T'S,
then any Lie algebroid orbit O intersecting S must be contained in S, and so s~ 1(S) = t~1(S) for any
source-connected groupoid G integrating A. For this reason, the restriction

Gls =s"H9) Nt 1(S) =s"19)

is a submanifold of G, and so defines a source-connected Lie subgroupoid G|s = S of G.

Theorem 6.1.4. Let A be an integrable Lie algebroid over M, and let {U,;};cr be a locally finite orbit
cover of M. For each i € I, let G; = U, be a source-connected Lie groupoid integrating Aly,, and for
each i,j € I, let Gij = Ry,nu, (G:) and

Gij : Gij s Gji
be an isomorphism of integrations of Aly,nu,, such that ¢4; = id, ¢s; = (bj_il, $:j(GijNGik) = G;iNGjk, and
Gridjrdi; = id for all i,j,k € I, on Gi; N Gik. This defines an equivalence relation, whereby x ~ ¢;;(x)
for all x € G;; and for alli,j € I. Then, we have the following:

1. The fibered coproduct of manifolds
G = Hgl/ ~ (6.1.1)
iel

is a source-connected Lie groupoid integrating A, such that Ry, (G) = G;.
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2. The inclusion morphisms v, : Gy, — G, k € I make G a groupoid coproduct, meaning that for any
groupoid which receives compatible morphisms from {G;}icr, these morphisms must factor through

a uniquely defined morphism from G.

3. Every source-connected groupoid integrating A is the fibered (manifold) coproduct of its restrictions
to the orbit cover {U; }icr.

Proof. The fibered coproduct G in inherits submersions s,t : G — M and the embedding id :
M — G from the corresponding maps on the groupoids G;, by the universal property of coproducts.

In the same way, the inverse maps on each G; glue to a map i : G — G. To see that the multiplication
maps m; of each groupoid G; glue to a map m : Gsx,G — G, we use the orbit cover property, as follows.

Let (h,g) € G; x G; be a representative for an arbitrary point in G,x;G, so that s;(h) =t;(g9) = z. By
the orbit cover property, there exists k such that the A-orbit of  lies in Uy. Now, t;(s; Y(x)) coincides
with the A|y,-orbit of z, since G; is source-connected. Therefore, ¢;(s; *(x)) must be contained in Uy.
But we have t;(s; ' (z)) C U;NUy, so s; *(x) coincides with s;," () C (G;
the source fiber of (G
g has a representative in Gi. Hence, we may use the given multiplication my on Gi to define m in a
neighbourhood of (h, g).

The argument above also shows that G is source-connected, since the source fiber s~!(x) coincides

U,nU )¢, which is identified with

U;nU, )¢ by ¢ir. Therefore, the element h has a representative in Gi. Similarly,

with the source fiber of a subgroupoid G such that Uy contains the A-orbit of z, and Gy is source-
connected.
Part 4i) follows from the universal property of the manifold coproduct, together with the fact that
¢ : G — G is a Lie groupoid morphism if and only if ¢ o ¢x is a Lie groupoid morphism for all k € K.
Part 1) implies that any source-connected integration G receives an isomorphism from the coproduct
of its restriction Ry, (G), establishing 7).
O

Example 6.1.5. Let p € S! be a point on the circle, and T'(S*, p) the Lie algebroid of vector fields
vanishing at p. We may construct a Lie groupoid integrating this algebroid as follows. Express the circle
as a fibered coproduct of U = R, V = R, with gluing map ¢ : U \ {0} — V \ {0} given by z +— 2~ %

s'=U][v.
¢

Let p = 0 € U. Then {U,V} is an orbit cover, since the orbits are p € U and S*\ {p} = V. A
source-connected integration over U is given by the action groupoid Gy = R x U of R on U by rescaling,

with source and target maps
sy (t,x) =

ty : (t,z) — e'm.
Over V, the algebroid 7,5 ! is simply the tangent bundle, so a source-connected integration is Pair(V) =

V x V. We now glue Gy to Gy via the map

(t,x) = (et~ t27h),

an isomorphism of subgroupoids from R x (U \ {0}) to (Pair(V \ 0))¢ = Pair(V,) x Pair(V_), where
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Vi = {y € R| £y > 0}. The resulting groupoid is a source-connected integration of 7},S*, diffeomorphic

as a smooth surface to the nontrivial line bundle over S?.

Combining Theorem with Theorem we may express the gluing theorem in terms of
explicit choices of normal subgroupoids on the open sets of an orbit cover, as follows.

Let A be a Lie algebroid over M, let {U;};cr be an orbit cover for M, and for all i,5 € I, let G
and ,C’Zj be source-simply-connected integrations of A over U; and U; N Uj, respectively. The canonical
groupoid morphism éij — §i|UmUj induces a morphism P;; : A(QZ) — A(@j) of posets of étale, totally

disconnected, normal Lie subgroupoids.

Corollary 6.1.6. With notation as above, the category of integrations Gpd(A) is equivalent to the fiber
product of posets A(@) over the maps P;j;, that is:

Gpd(A) ~ lim | JTa@G) = ] aGy)

i€l i€l

In other words, any integration of A is uniquely specified by the choice of a collection of étale, totally
disconnected, normal Lie subgroupoids N; C g~z‘; for alli € I, such that P;;(N;) =P;;(N;) in QNU

Proof. By Part i) of Theorem the restriction of an integrating groupoid to the given orbit cover
defines a functor in the forward direction, which is faithful and full by Theorem [2.1.26

The essential surjectivity is shown as follows. Given an element {N;};c; of the fiber product, we
construct an integration G as in (6.1.1)), where G; = Gi/N; and we have groupoid isomorphisms ¢;; :
(Gilu,;)¢ = (Gjlu,, )¢ uniquely determined by the condition P;;(N;) = Pj;(N;). The non-trivial conditions
of Theorem are that ¢;; restrict to an isomorphism

i+ (Gilu, ) N (Gilu, ) — (G

Uij)c N (gj‘UUc)c (612)

and ¢ rdi; = id.
First, we note the general fact that for a source-connected integration G = M of A, an orbit O and

an open set U C M, we have that
(Glv)lo = (Gluno)®.

For any g; € (Gilu,,)¢, let O, be the orbit containing x = s(g;) € M. By the orbit cover property,
we have O, C U; for some [ € I. Note that g; € (Gilv,;)%lo. C (Gilv,;nv,)® = ((Gilu,,)l0,)°-
We first show the cocycle condition ¢;;¢;1¢:;(¢g:) = ¢i holds when [ is involved. To see this, we note

that by applying the restriction functor Ry,;ny, to ¢ and ¢j;, we obtain isomorphisms
bi = (Gilv,nu) — (Gilu,,)S, bji : (Gjlu,nv)¢ — (Gilu,,)S-

This implies that ¢;;¢;¢:;(g;) is defined. Moreover, Lie(¢yi¢;1¢:;) is the identity map on Lie(G;)|u,;nu; -
Since (G;
and we conclude that ¢i;0;6:;(9:) = gi-

Uiijl)c is source-connected, it follows that ¢;;¢;¢;; must be the identity map on (G; Uiijl)07

For general k € I, let us now assume g; € (Gi|v,;)° N (Gilv,,, )¢ We write g; = ¢45(9:), gx = Pir(9:)
and g; = ¢u(gi). Since ¢1;0r1(gx) = ¢15(91) = g5, we conclude that g; € (G;|u,, )¢, establishing (6.1.2).
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The general cocycle condition follows from
PriPindij(9i) = PribridixdsidriPir(g9i) = gi-

By Part i) of Theorem the coproduct G = [],c; i / ~ is a Lie groupoid over M integrating
A. Applying the restriction functor, we obtain (G|y,)¢ = G;, so we recover the normal subgroupoids
N; = ker(@ — G;), as required by essential surjectivity. O

Proposition 6.1.7. Let A be an integrable Lie algebroid over M, and let {U;}icr be a locally finite orbit
cover of M. If for each i € I, the groupoid G; = U; in Theorem |6.1.4) is Hausdorff, then the coproduct
groupoid G = M is Hausdorff.

Sketch of proof. Since M is Hausdorff, the non-trivial case occurs when the source and target maps
coincide on distinct points g, h € G, that is, s(g) = s(h) and t(g) = t(h). Since G is source-connected,
there exists an orbit O of A containing both s(g) and t(g). By the orbit cover property, O is contained
in some U;, and so g, h have representatives in G;, which is Hausdorff by assumption.

O

6.2 Examples: log tangent case and log symplectic case

In this section we make use of Theorem to classify integrations of the log tangent algebroid T'(M, D)

associated to a closed hypersurface D C M as well as the lie algebroid 77 M of a log symplectic structure.

6.2.1 Choosing an orbit cover

We choose an orbit cover for the pair (M, D) as follows: V is the complement of the closed hypersurface
D, and U is a tubular neighbourhood of D, chosen so that the tubular neighbourhoods of different
connected components of D do not intersect.

We index connected components as follows: let D = mo(D) and V= my(V), so that
v=]]v v=]]u;
iev j€D

It is convenient to partition D into two subsets, D = E[ [ H, where E, H are the sets of connected components
of D with orientable and non-orientable normal bundles, respectively. It is also convenient, following [34],

to represent this information as a graph, as follows.

Definition 6.2.1. With notation as above, the graph of (M, D) is the following graph with half-edges

(a half-edge is an edge with only one end attached to a vertex).
— The vertices, V.= m(V), index the components of the complement of D.

— The edges, E, index the components of D with orientable normal bundle; an edge j € E joins
the pair of vertices representing the open components on either side of D; (note that these may

coincide, in which case the edge becomes a loop).

— The half-edges, H, index the components of D with non-orientable normal bundle; a half-edge j € H
is attached to a vertex i € Vif D; C V.
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Example 6.2.2. Example [4.1.13| concerns a hypersurface D C RP? with two connected components.
We choose an orbit cover consisting of the complement V = RP?\ D, with two connected components,

and a tubular neighbourhood U of D, with two connected components.

————e

The corresponding graph, shown above, has two vertices, one edge, and one half-edge, as D has two

connected components, one of which has nontrivial normal bundle.

The orbit cover described above has the property that the Lie algebroid A (which is either T'(M, D)
or T M) restricts to the tangent algebroid on V and UNV, ie. Aly =TV and Alynvy = T({U NV).
Since the orbit cover has two open sets, Corollary implies that the category of integrations of A

can be described as the following fiber product.

Gpd(A) Gpd(Alv)

l M 62

Gpd(TV) ——= Gpd(T(U NV))

The fundamental groupoids of V and U NV provide two of the source-simply-connected integrations
required to apply Corollary As described in Example we may further simplify the bottom
row of by restricting II;(V) and II; (U N V) to a set of basepoints for the underlying spaces,
described in the next section, §6.2.2 This will render Py into a morphism between posets of normal

subgroups of the fundamental groups 71 (V'), 71 (UNV). The choice of basepoints will also be convenient

for the description of Py in §6.2.4] and §6.2.6]

6.2.2 Choosing basepoints

Vi © D Vir
Yie g T Yir
|
Uj

‘/;; :
e XY D
Yie ity i
Uj

Figure 6.1: Choice of basepoints in the cases j € E (above) and j € H (below).

We make the following choice of basepoints, as illustrated in Figure
— For each ¢ € V, choose y; € V.

— For each j € D, choose z; € D;.
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— For each j € E, choose basepoints x;;, x;; in V; NU and V;y N U respectively, where V;, Vi are the
open components on either side of D;. Choose these in such a way that they are sent to z; by a

neighbourhood retraction r; : U; — Dj.

— For each j € H, choose a basepoint x;; € V; NU, where V; is the open component surrounding D;.

Choose it so that it is sent to ; by a neighbourhood retraction r; : U; — Dj.

Once basepoints are chosen as above, we obtain a simplification of the bottom row of the fiber product
diagram (6.2.1). Namely, we obtain equivalences

Gpd(TV) =~ HA(m(Vi,yi)),
Gpd(T(UNV)) =~ H My (Vi N Uj, @)

i€V,jE€D

With respect to this decomposition, the restriction functor Py has the following simple description, by

an argument as in Example 2.1.27]

Proposition 6.2.3. The restriction functor Py taking integrations of TV to integrations of T(UNV) may
be described as a poset map from normal subgroups of w1 (V;,y;) to normal subgroups of mi(U; NVi, xj:):

it is the pullback by the group homomorphism

0wt m (U N Viyzji) = m(Vi, yi), v 5yt
induced by the choice of a path § from y; to xj; in V;. This map on normal subgroups N + 5,1 (N) is
independent of the choice of J.

To obtain a complete description of Gpd(A), all that remains is to describe Gpd(Ay ) and Py in (6.2.1)).
Since U is the disjoint union of tubular neighbourhoods U; of components D;, j € D, the problem reduces
to a local investigation: we need only describe the source-simply-connected groupoid integrating Ay,

and its poset of étale, totally disconnected normal Lie subgroupoids.

6.2.3 Local normal form: log tangent case

Let D be a connected manifold and p : N — D a real line bundle. We may describe the source-simply-
connected integration G of T'(tot(N), D) as follows. The restriction of T'(tot(NN), D) to D C tot(N) is
the Atiyah algebroid At(V) of the bundle N, which has source-simply-connected integration given by
the holonomy groupoid Hol(N) = D, defined by

%Z(N) = {(’77a) | yelliD, a: Nso(’y) i Nto(’y)}'
Moreover, Hol(N) acts on N and the action groupoid
G = Hol°(N) x N = tot(N) (6.2.2)

is the ssc integration of T'(N, D). We divide the subsequent argument into two halves, as N may be

orientable or not. We also use N to denote tot(N), when convenient.
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Proposition 6.2.4. Letp: N — D be orientable, and let x € D C N be a basepoint. We denote the two
connected components of N\ D by Nt and N~ , and choose base points x* € N* such that p(x*) = z.
We also define v = p|y\p-

1. The integrations of T(N, D) are classified by triples
(KT, K,K") (6.2.3)
of normal subgroups K+ C mi(N*,27), K C my(D,z), and K~ C my(N~,z27) such that

Kcr, Kt and KcCcr, K.

2. Hausdorff integrations are those triples such that K = r, K+ =r, K~

3. Morphisms between integrations correspond to componentwise inclusion for the associated triple of

normal subgroups.
4. The fundamental group of the source fiber at x is isomorphic to K.

5. Restricting the integration of T(N, D) to N*, we obtain the integration of T(N*) given by
I (NF) /NE,

where N'& is the unique totally disconnected normal Lie subgroupoid of II; (N*) with isotropy K*

at x=.

Proof. Using a trivialization tot(N) & R x D with NT =R* x D, N~ =R~ x D, we express the ssc
integration G = N as in (6.2.2)) explicitly,

G = (RT x R) x II; (D).

By Theorem the integrations of T'(N, D) are classified by the étale, totally disconnected, normal
Lie subgroupoids of G = N, with the Hausdorff integrations requiring the normal subgroupoids be
closed.

Let AV be a closed, étale, totally disconnected, normal Lie subgroupoid of G. Since G|+ = I1; (N ),
its isotropy Kt at 2™ is a normal subgroup of 71 (N, z"). Explicitly, we have N'|y+ = {1} x Rt x KT
where KT is the normal subgroupoid of ITy D induced by r, K. Likewise, we have N|y- = {1} xR~ x K~
where K~ is the normal subgroupoid of 11y D induced by r.K .

We have N|p = {1} x {0} x K where K is the normal subgroupoid of II; D induced by K. Indeed,
if A contains a point p = (a,0,7) € G where a # 1, then N contains both Rt x {0} x id(D) and the
identity bisection id(N) = {1} x R x id(D), the union of which is not a manifold.

To summarize, we have three normal subgroups r,K~, K and r,K™ of m(D,z) inducing three

normal subgroupoids K=, K and K+ of II; D respectively; and

N= ({1} xR xK7) [T} x {0} x ©) JT ({1} x RT x £F) (6.2.4)

which is a regular submanifold G if and only if K C r,K~ and K C r,K T, obtaining i). Moreover, A is
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a closed submanifold if and only if K = r,K~ = r, K™, obtaining ii). The results i), iv) and v) follow

from the construction. O

Proposition 6.2.5. Let p: N — D be non-orientable, and choose base points x € D and ©' € N\ D
such that p(z') = . Also, let r = p|n\p-

1. The integrations of T(N, D) are classified by pairs
(K',K) (6.2.5)

of normal subgroups K' C m(N \ D, ') and K C m1(D, ) such that K C r, K'.
2. Hausdorff integrations are those pairs such that K = r, K'.

3. Morphisms between integrations correspond to componentwise inclusion for the associated pair of

normal subgroups.
4. The fundamental group of the source fiber at x is isomorphic to K.
5. Restricting the integration of T(N, D) to N \ D, we obtain the integration of T(N \ D) given by
I (N'\ D)/N,
where N is the unique totally disconnected normal Lie subgroupoid of II1 (N \ D) with isotropy K’
at '

Proof. The line bundle N determines a double cover ¢ : D — D and N = ¢*N is a trivial line bundle,
which admits an involution 7 such that tot(N)/7 = tot(N). Note that 7 induces an involution on the
ssc integration G = N of T(N, D). The ssc integration of T(N, D) is the quotient

(G = N)/r.

The T-equivariant version of Proposition yields the desired results.
O

Propositions [6.2.4] and may be applied to the open sets of an orbit cover of a log symplectic
manifold. Using the notation developed in §6.2.1) and §6.2.2|, we state the precise result.

Theorem 6.2.6 (Local classification). Let D;, U;, and V; be as in §6.2.1 and choose basepoints as in

6.2.3

1. If D; has orientable normal bundle, then the integrations of T(Uj, D;) are classified by triples
(Kji, Kj, Kjir) (6.2.6)

of normal subgroups K;; C mi(U; N'V;,xj), K; C m(Dy,x;), and K C m(U; NVir, i), which
are compatible with the projection r : U; \ Dj — D; of the punctured tubular neighbourhood, in the

sense
Kj C T*Kji and Kj C T*Kji/. (627)



CHAPTER 6. GLUING CONSTRUCTION AND GROUPOID CLASSIFICATIONS 55

2. If D; has non-orientable normal bundle, then the integrations of T(U;, D;) are classified by pairs

(Kji, K;) of normal subgroups as above, such that

Kj C T*Kji. (628)

3. Morphisms between integrations correspond to componentwise inclusion for the associated triple

(or pair) of normal subgroups.

4. Restricting the integration of T(U;, D;) given by (6.2.6) to U; N'V;, we obtain the integration of
T(U; NV;) defined by
IL(U; NV;)/ N, (6.2.9)

where Nj; is the unique totally disconnected normal Lie subgroupoid with isotropy Kj; at xj;.
Similarly, in the orientable case, the restriction to U; N'Vy yields Iy (U; N'Vyr) /Njir, where Ny is
the subgroupoid with isotropy K at xjy .

5. The fundamental group of the source fiber over x; € D; is isomorphic to K;; in particular, the

source-simply-connected integration is obtained when all subgroups in the triple (or pair) are trivial.
6. Hausdorff integrations are those for which the inclusions (6.2.7)), (6.2.8) are equalities.

Remark 6.2.7. If the normal bundle of D; is orientable, 7. is an isomorphism, so we may view the
groups as subgroups of the same group m1(D;, z;). Consequently, condition is simply that
the normal subgroup K; must lie in the intersection Kj; N Kj;;. For Hausdorff integrations, all three
groups must coincide.

In the non-orientable case, r, is an injection of m1(U; N'V;, zj;) onto the kernel of the first Stiefel-
Whitney class wy : m1(D;,x;) — Z/2Z of the normal bundle of D;. So, we may view K; as a normal
subgroup of kerw;, and condition then states that K; C Kj;. In the Hausdorff case, this is an

equality (in particular, this implies Kj; is normal in 7 (D;, z;)).

6.2.4 Log tangent integrations

Fix a tubular neighbourhood U; of a single connected component D; of the hypersurface D, and choose
basepoints x;, zj; and, if j € E, xj € U; N Vi, as described in

In we construct the source-simply-connected groupoid QNU]. integrating T'(U;, D;), compute
its poset of étale, totally disconnected normal Lie subgroupoids (as well as the subposet of closed sub-
groupoids), and describe the restriction functor Py, .

Using Theorem we are able to fill in the diagram and give a global description of the
category of integrations Gpd(T' (M, D)). We will phrase the fiber product in terms of the graph introduced

in using the basepoint choices from §6.2.2}

Definition 6.2.8. The graph of groups associated to (M, D) is defined as follows. Let I' be the graph
associated to (M, D) in Definition Let d;; be paths joining y; to z;; for all i € V,j € D. We label
I' with groups and homomorphisms in the following way, using the identifications in Remark [6.2.7]

— To each vertex i € V, we associate the group 71 (V;, ;).
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— To each edge j € E joining ¢ to i/, we associate the group m;(Dj,x;), together with the induced
homomorphisms (6;;)«, (0;i )« from m (D;, x;) to the corresponding vertex groups m1(V;,y;) and
™ (‘/ilv Yir ) :

/Wl(Dj)\
m1(V3) w1 (Vir)

— To each half-edge j € H attached to i, we associate the inclusion of groups kerw] < m1(Dj,z;)
determined by the Stiefel-Whitney class w{ of NDj, together with the induced homomorphism
(07i)« : kerw] — m1(Vi, v:).

ker w’
e N
T (Vi) m1(D;)

Theorem 6.2.9 (Global classification). Given the graph of groups associated to (M, D) in Defini-
tion the category of integrations Gpd(T (M, D)) is equivalent to the poset whose elements consist

of:
1. A normal subgroup K; of each vertex group w1 (V;,y;),1 € V,

2. A normal subgroup K for each edge group m(D;,x;),j € E, such that

Kj C 5]‘ 71(K¢) and Kj C 53'1'/;1(](1’/), (6210)

Ty
where § joins i to ',

3. A normal subgroup K; of each half-edge group m1(D;,x;),j € H, such that
K; C 0y (K;) in kerwl, (6.2.11)

where j is attached to i.

The partial order is componentwise inclusion for the corresponding normal subgroups, and the funda-
mental group of the source fiber over any of the basepoints is given by Theorem[6.2.6, In particular, the

source-simply-connected integration is obtained when all subgroups over vertices, edges, and half-edges

are trivial. Finally, the Hausdorff integrations are those for which the inclusions in [06.2.10 and |6.2.11]

are all equalities.

Example 6.2.10. The log tangent integrations for Example[6.2.2] are classified using the following graph

of groups:

7 Z
YASIVEERN
Z Z 0
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There is only one nontrivial vertex group, one edge group, and one half-edge group. We choose a subgroup
nZ of the vertex group Z, for some n = 0,1, ..., and condition (|6.2.10) forces the edge subgroup to be
n'Z C nZ. Then on the half-edge, we must choose a subgroup 2n”Z C 2nZ. Integrations are therefore

in bijection with the poset
{(n,n’,n") € N* : n|n’ and n|n”} U {(0,0,0)}.

The partial order is componentwise divisibility, and (0,0,0) is the least element, corresponding to the
source-simply-connected integration. For Hausdorff integrations, first we have the condition that the edge
group coincides with the pullbacks from the left and right vertices, which are nZ and Z, respectively.
This implies n = 1 and n’ = 1. secondly, the half-edge group must coincide with 2nZ, so we have n”’ = 1.
Therefore, we conclude that only one of the integrations is Hausdorff, corresponding to the point (1,1,1)

in the above set. This is, of course, the log pair groupoid constructed in §5.1]

Let U; be a tubular neighbourhood of one connected component D; of the degeneracy locus D of a
proper log symplectic manifold (M, r), and choose basepoints x;, x;; and, if j € E, z;» € U; NVy, as

described in §6.2:2]

In E we construct the source-simply-connected groupoid ng integrating 77:U;, compute its poset
of étale, totally disconnected normal Lie subgroupoids (as well as the subposet of closed subgroupoids),

and describe the restriction functor Py, .

6.2.5 Local normal form: log symplectic case

Following Proposition [4.1.11] the local normal form of a proper log symplectic structure near a connected

component of its degeneracy locus is built from the following data:

— A compact, connected, symplectic manifold (F,w), a symplectomorphism ¢ : F — F, and a

constant A € R*, which determine the Poisson mapping torus
D=5 x,F

as defined in (4.1.4), with projection f: D — S};
— A line bundle L over D induced by an Z-equivariant line bundle over F' with a metric connection
V;
— An orientable or non-orientable line bundle over Si which we call Q*, Q~, respectively.
Then the total space of N = f*Q* ® L inherits a log symplectic structure 7, as explained in Proposi-
tion We construct the ssc symplectic groupoid of (tot(N), ) as an action groupoid of the fiber

product of two groupoids.
The first groupoid is the monodromy groupoid, obtained by lifting ¢ : FF — F to ¢ : IL F — II1 F":

L F xR
(v, 1) ~ (p(7), t+ )

Mon(D, f) = S ko, ILF =

This is a Lie groupoid over D, and using the metric connection V on L, we obtain an action of Mon(D, f)

on L.
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In the case that the orientable line bundle Q" is chosen, the second groupoid, AT, is defined to be
the trivial bundle of groups AT = A x S5, where A = R x R is the group of affine transformations of

the plane. Using a trivialization QT = S} x R with coordinates (t,7), we obtain an action of A" on Q*

(%(I b) (f),for (l b>eA. 62.12)
r 0 a r 0 a

In the case that @~ is chosen, we define a groupoid A~ by taking the quotient of A x S3, by the

via

involution o defined by
Ax Sy 5 Ax Sy,

(629 ()

Then A~ = (A x S},)/0 is a nontrivial bundle of groups over Si. By expressing Q~ as the quotient
(t,r) ~ (t+ A, —r), it inherits an A~ —action as in (6.2.12).
Having the groupoid Mon(D, f) over D, and pulling back A* to a groupoid over D, we form the
fiber product groupoid
H = f*AF xp Mon(D, f),

obtaining a Lie groupoid over D which acts on N = f*Q* ® L by combining the action of Mon(D, f)
on L and the action of A* on Q*. Finally, the action groupoid

G=HxN (6.2.13)

is the source-simply-connected integration of the Poisson algebroid 77 (tot(NN))]

Proposition 6.2.11. Let p: N — D, as defined above, be orientable, let x € D be a basepoint on the
zero section, and let v : F' — D be the inclusion of a symplectic leaf through x. We denote the two
connected components of N\ D by Nt and N~, and choose base points = € N* such that p(z*t) = .

Also, we let 7 = p|y\p-

1. The Hausdorff integrations of TN are classified by pairs
(Kt K™) (6.2.14)
of normal subgroups K+ C my(Nt,27), and K= C m(N~,27) such that

G KT =0 (r K.

2. Morphisms between integrations correspond to componentwise inclusion for the associated pair of
normal subgroups.

3. The fundamental group of the source fiber at x is isomorphic to 171 (r . K).

. esiricting € ntegration o, 0] an , we ootarn € miegratrion o
4. Restricting the integrati TN to N* and N* btain the integrati T(N*

I, (N%)/N*

IThis local normal form for the groupoid is implicit in [16] p. 32].
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where N'& is the unique totally disconnected normal Lie subgroupoid of Il (N*) with isotropy K*

at xF.
Proof. Using a trivialization, we may decompose tot(N) as follows:

tot(N) = (S} x, F) x R
={(t,z,r) |[te Sy, € F, r €R, (t,7,7) ~ (t+ N\ p(7),7)}.

Similarly, we write the ssc integration G = N defined in (6.2.13)) explicitly:

G= (A" xp (S} x, 11 F)) x N
={(a,b,t,y,r) |a€R", beR, t€ S}, yeI,F, r € R, (6.2.15)
(a,b,t,’ym) ~ (a’bvt + )\,SD(’Y),T)},

where the source and target maps to tot(/N) are given by
S (a’a b, )7, ’I”) = (ta 80(7)7 T)v t: (a’a b, )7, ’I”) = (t + bT, tO(’Y)a (J,T).

By Theorem [2.1.26} it suffices to classify closed, étale, totally disconnected, normal Lie subgroupoids of
G = tot(IN). So, let N be such a subgroupoid.

First note that the isotropy groups of the groupoid G are given as follows: at z* = (t,z,7) € N\ D,
we have r > 0 and the isotropy group of G is given by

G 2') = ({1} x 2Z x {t}) x m(F,z)) x {r}, (6.2.16)
while at = (¢,z,0) € D, the isotropy group of G is given by
G(z,z) = (RT x R) x {t}) x m (F,x)) x {0}. (6.2.17)

For a point p = (a,b,t,v,0) € G|p such that a # 1 or b # 0, if we take a small neighbourhood U,
around p, then U, N N|y\p = @. Since dimN = dim M, it follows that dim (U, N N|p) = dim M.
However since s : N|p — D is a submersion, we must have that dim (M N s™!(s(p))) = 1, which is an
contradiction.

Therefore the subgroupoid N'|p must take the form
Nlp = ({1} x {0} x S}) x H) x {0}.

where H is the normal subgroupoid II; F' induced by a normal subgroup H C 71 (F,z). We denote the
isotropy group of N at 2% by K+. By (6.2.16)), K+ is a normal subgroup of 2Z x 7 (F, z). If we define
HY = Kt nm(F,z) = ;Y (r.K*), which is a ¢-invariant normal subgroup of 7 (F, x), then as we take
the limit » — 0, the condition that N is closed implies H* = H. Similarly, we have H~ = H.

Since HT = H = H~, we conclude that

KT = 0 (KO,

obtaining 4). The results ), #77) and iv) follow from the construction. O
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Using the same strategy as in Proposition [6.2.5] we address the non-orientable case:

Proposition 6.2.12. Let p: N — D, as defined above, be non-orientable, let x € D be a basepoint on
the zero section, and let v : F — D be the inclusion of a symplectic leaf through . Choose a base point
' € N\ D, and let r = p|n\p.

1. The Hausdorff integrations of TN are classified by a normal subgroup K' C m (N \ D,z’).
2. Morphisms between integrations correspond to inclusions of associated normal subgroups.
3. The fundamental group of the source fiber at x is isomorphic to 17 (r.K').

4. Restricting the integration of T*N to N \ D, we obtain the integration of T(N \ D) given by
I (N\ D)/N'

where N’ is the unique closed, totally disconnected, normal Lie subgroupoid of II;(N \ D) with
isotropy K' at x'.

Propositions [6.2.11] and [6.2.12] may be applied to the open sets of an orbit cover of a log symplectic
manifold. Using the notation developed in §6.2.1] and §6.2.2] we state the precise result.

Theorem 6.2.13 (Local classification). Let D;, U;j, and V; be as in §6.2.1, where the hypersurface D
is the degeneracy locus of a proper symplectic manifold (M, ), and choose basepoints as in .

1. If ND;j is orientable, then the Hausdorff integrations of T;U; are classified by pairs
(K i, Kjir) (6.2.18)

of normal subgroups K;; C m(U; N Vi, z4) and Ky C m(U; N Vi, x4), which are compatible
with the projection r : U; \ D; — Dj of the punctured tubular neighbourhood and inclusion map
vj : Fy — Dy, in the sense

()7 (rekji) = ()7 (ri k), (6.2.19)

as subgroups of m (Fj,x;).

2. If NDj is non-orientable, then the Hausdorff integrations of T;U; are classified by a normal sub-

group Kj; as above, with no additional constraint.

3. Morphisms between integrations correspond to componentwise inclusion for the associated pair of

normal subgroups.

4. The restriction of an integration of T7U; given by (6.2.18)) to U; N'V; is an integration of TU;,
obtained in the same way as in Equation[6.2.9

5. The fundamental group of the source fiber over the point x; € Dj is isomorphic to (1) (1. Kji).

Remark 6.2.14. For D; orientable, r, is an isomorphism, so we may view the groups (6.2.18) as
subgroups of the same group m (D;, ;). Condition (6.2.19) is simply that their preimages in m (F}, x;)

agree.
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6.2.6 Hausdorff log symplectic integrations

Let U; be a tubular neighbourhood of one connected component D; of the degeneracy locus D of a
proper log symplectic manifold (M, r), and choose basepoints x;, z;; and, if j € E, z;» € U; NVy, as
described in §6.2:2]

In we construct the source-simply-connected groupoid ng integrating TxU;, compute its poset
of étale, totally disconnected normal Lie subgroupoids (as well as the subposet of closed subgroupoids),
and describe the restriction functor Py, .

Theorem[6.2.13]and Equation[6.2-T]allow us to give an explicit description of the category of Hausdorff
integrations Gpd™ (77 M). We will express the coproduct in terms of the graph introduced in using
the basepoint choices from

Definition 6.2.15. The graph of groups associated to a proper log symplectic manifold (M, 7) is defined
as follows. Let T' be the graph associated to (M, D) in Definition Let §;; be paths joining y; to x;;
for all¢ € V,j €D, and let ¢; : F; — D; be the inclusion of the symplectic leaf through x;. We label the
graph with groups and homomorphisms in the following way, using the identifications in Remark [6.2.14]

— To each vertex i € V, we associate the group m (V;, y;).

— To each edge j € E joining i to i’, we associate the morphism of groups (¢;). : mi(Fj,x;) —
m1(Dj, x;), together with the induced homomorphisms (6;;)«, (0;i )« from 71 (D;, ;) to the vertex

groups 7T1(‘/i7 yz) and (‘/i/7 yi/)7 as below:

m1(Fy)
l
- mDy)
7T1(Vi) 7T1(Vi/)

— To each half-edge j € H attached to i € V, we associate the inclusion of groups ker w{ — m1(Dj, x;)
determined by the Stiefel-Whitney class fw{ of ND;, as well as the morphism (¢;), : m1(Fj,z;) —
m1(Dj, x;), and finally the induced homomorphism (8;), : ker w] — 71 (V;, 3:).

kerw{ m1(Fy)
N NS
m1 (Vi) m1(Dy)

Remark 6.2.16. For a proper log symplectic manifold (M, ), the adjoint integration of TM is a
symplectic groupoid by Remark It follows from Remark [2.2.12] that all other integrations of T M

are also symplectic groupoids.

Theorem 6.2.17 (Global classification). Given the graph of groups from Definition the category
of Hausdorff symplectic groupoids Gpd™ (T* M) for a proper log symplectic manifold (M, ) is equivalent to
the poset whose elements consist of a family of normal subgroups K; of each vertex group m (Vi,y;),1 € V,

such that if 1,7’ share an edge j € E, then K;, Ky coincide upon restriction to m (Fj,x;), that is,

(15)7 1 (650)7 K = (1) M (850) 7 " K.
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The partial order is componentwise inclusion for corresponding normal subgroups, and the fundamental

group of the source fiber over x;,j € D, is given by the restriction
() (6505 T K (6.2.20)

for i attached to j € D.

Corollary 6.2.18. The source-simply-connected integration of a proper log symplectic manifold is Haus-
dorff if and only if, for each symplectic leaf F' contained in the degeneracy hypersurface D, and for each
class v € w1 (F) on which the first Stiefel-Whitney class of ND vanishes, the push-off of v is nonzero in

the fundamental group of the adjacent open symplectic leaf or pair of leaves.

Example 6.2.19. The Hausdorff symplectic groupoids of the Poisson structure described in Exam-
ple|4.1.13| are classified using the following graph of groups:

0
0 7z _
NN

Z

IR

0

For any choice of subgroup nZ C Z of the only nontrivial vertex group, the conditions of Theorem [6.2.17]
are trivially satisfied. Hence, the integrations are classified by the poset NU {0}, where the partial order
is divisibility and 0 is the minimum. Applying to the diagram above, we see that the source
fiber over a point on the degeneracy locus has trivial fundamental group for any choice of n. Hence 0
represents the source-simply-connected integration.

A similar argument may be used to construct the Hausdorff source-simply-connected integration of

any log symplectic 2-manifold, whose existence was shown in [27].
Example 6.2.20. Let (M, 7) be the log symplectic 4-manifold constructed as a Z? quotient of R? x T2,
equipped with the Poisson structure

(sin(27ry)% A a%) Gw !,

where w is the standard symplectic form on T2. The action is given by

(nlanQ) : (.’I},y,p) — ($+n1ay+n2a@n2(p))7

for some fixed ¢ € SL(2,7Z). The degeneracy locus of (M, ) is the union of two mapping tori Dy, Do,
each isomorphic to S* X T?2. The open symplectic leaves Vi, V, are each homotopic to S* X T2. All
of these have fundamental group Z x,, Z*. A symplectic leaf F; C D; is isomorphic to (T%,w) and its

fundamental group 1 (F}, *) = Z? is a normal subgroup of Z x,_ Z?.

D,

D,

The graph of (M, 7) is shown above. By Theorem [6.2.17] each of its Hausdorff symplectic groupoids is
given by a pair of normal subgroups Ny, Ny of Z x4, Z* such that Ny N (Z x Z) = Na N (Z x Z). In
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particular, taking both N1, N> to be trivial, (6.2.20) yields a trivial fundamental group for the source

fibers over D1, D, so that we obtain a Hausdorff source-simply-connected symplectic groupoid.

6.3 Examples: divisors on a Riemann surface

In this section, we make use of Theoremto classify integrations of the log tangent algebroid TX(—D)
where X is a Riemann surface and D is a divisor on X.

Let D = dip1 +dapa+. ..+ dipr. We choose an orbit cover for (X, D) as follows: V is the complement
of {p1,...,px}, and U is a disk neighbourhood of {pi,...,px}, chosen so that for ¢ # j, the disk
neighbourhoods of p; and p; do not intersect. Let us choose a basepoint y € V. For each j =1,2,...,k,
we write the disk neighbourhood of p; as U; and choose a basepoint x; € U; \ p;. Furthermore, we
choose a path §; from y to x;.

As in §6.2] the orbit cover described above has the property that the holomorphic Lie algebroid
TX(—D) restricts to the tangent algebroid on V and UNV, i.e. TX(=D)|y =TV and TX(=D)|pnv =
T(UNYV). As before, Corollary implies that the category of integrations of A can be described as

the following fiber product.
Gpd(TX(—D)) —— Gpd(TX(-D)|v)

| B 65

Gpd(TV) Gpd(T(UNV))

The fundamental groupoids ITy (V') and II; (U N V) provide two of the source-simply-connected integra-
tions required to apply Corollary As before, we have

Gpd(TV) ~ A(m(V, ),

Gpd(T(UNV)) A (1 (Uj \ pj, ) -

u::]»

As before, choosing paths J; renders Py into a morphism between posets of normal subgroups of the
fundamental groups 71 (V) and 7 (U NV), i.e. the pullback by the group homomorphism

(0))« : (U \pj,25) = m(Vyy), v+ 6705

Notice that U; \ p; is a punctured disk, and w1 (U; \ pj, ;) ~ Z. Consequently for each j =1,2,... k,
a choice of a normal subgroup N C m1(V') induces a subgroup n;Z of Z, i.e. N induces a non-negative
integer n;.

It remains to describe Gpd(TX(—D)|y) and Py. For this, we describe a local normal form of the ssc
integration of TC(—d - 0), which we denote by II;(C,d - 0), and its posets of étale, totally disconnected,
normal Lie subgroupoids.

When d = 1, the groupoid II;(C, —0) is the action groupoid C x C associated to the exponential
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action. Explicitly, we have

s(A,z) =z
t(A, z) = exp(A)z
m ((/\27 2’2), (/\17 2’1)) = (/\2 + )\1, 21).

Proposition 6.3.1. 1. The integrations of TC(—0) are classified by (N x N)[[{(1,0)}.
2. Hausdorff integrations are the ones given by m = 1, i.e. these are classified by the non-negative
integers, Z>q.

Proof. By Theorem the integrations of TC(—0) are classified by the étale, totally disconnected,
normal Lie subgroupoids of II; (C, —0) = C x C, with the Hausdorfl integrations requiring the normal
subgroupoids be closed.

Away from 0 € C, we have C x C* = II;C*. The étale, totally disconnected, normal Lie subgroupoid
of C x C* are of the form 27ki(nZ) x C* where n is a non-negative integer.

If we require the étale, totally disconnected, normal Lie subgroupoid to be closed in C x C, then it
must be of the form 27ki(nZ) x C. If we do not require it to be closed, then it is of the form

(2rki(mnZ) x {0}) [ (27ki(nZ) x C*) c Cx C

where m is a positive integer. Note that when n = 0, different values of m will yield the same result.
Note that the case m = 1 corresponds to the closed étale, totally disconnected, normal subgroupoid.
O

For d > 1, the groupoid II; (C, d - 0) may be described as the (d — 1)-fold groupoid blowup of II; (C, 0)
along id(0). Explicitly, II; (C, d - 0) may be identified with C x C, with groupoid structure

s(A\,2) =2
t(\, z) = exp(Az¢ 1)z
m (()\2, 22), (/\17 2:1)) = (/\2 eXp((d - 1))\12?71) + A1, Zl>.

Proposition 6.3.2. For d > 1, all integrations of TC(—d - 0) are Hausdorff, and they are classified by

the non-negative integers Z>g.

Proof. By Theorem [2.1.26] the integrations of TC(—d-0) are classified by the étale, totally disconnected,
normal Lie subgroupoids of II;(C,d - 0). These are of the form

{(\2) €T,(C,d-0) = C x C | \2%"! = 2nkin, keZ}

where n is a non-negative integer. Incidentally, all these subgroupoids are closed inside II; (C,d - 0). O

To summarize, we have the following results:

1. If dj =1, then

Gpd(TX(=D)[y,) = (N x N) JJ{(1,0)},

(6.3.2)
Gpd" (TX(=D)lv,) = Gpd(TX(=D)lv,\p,) = Gpd™(TX(=D)|u;\p;) = Z30-
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2. If d; > 1, then

Gpd(TX(=D)ly,) = Gpd™(TX(~D)lr,) = Gpd(TX(=D)|v;,\p;) = 6™ (TX(=D)[v;,\p;) = Zso-

(6.3.3)
3.
k
Gpd(TX(-D)|y) = [ [ epd(TX(~D)lu,) ~ H NxZso | x | ] Zs0 ] .

j=1 dj=1 d;j>1

Gpd™ (TX(—D)| H Gpd™ (TX(— H Z>0, (6.3.4)
j=1 j=1

k

Gpd(TX( )|UﬂV) = Gde (TX ‘UOV H

4. Py is the projection onto the Z>¢ factor.

Theorem 6.3.3 (Global classification). Let X be a Riemann surface, and let D = dyp1 +dapa+. .. +dipk
be a divisor on X. The category of integrations Gpd(TX(—D)) is equivalent to the product of the following

posets:

1. The poset of normal subgroups of the fundamental group of the complement of the divisor, i.e.
M (V,y)).

2. A choice of N € A(m1(V,y)) induces a normal subgroup of m1(U; \ p;, ;) ~ Z, which defines a

non-negative integer nj. Forn; and d; = 1, we have an additional choice of a positive integer m;.

The category of Hausdorff integrations Gpd” (TX(—D)) is equivalent to A(my(V,y)).
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