
Math 318 Test 1 Feb 11, 2015

I. II. III. Total:

Name:

Student No.

45 minutes. No aids are allowed.
There are 3 problems and 7 pages in total, each problem is worth 10 points, for a total of 30 points.

I. Multiple Choices There could be MORE THAN ONE correct answers. Circle all correct
answers.

1. (5 points) Which of the following matrix (or matrices) can be diagonalized over the real numbers?
Recall that a real square matrix A is diagonazable over the real numbers, if there exist a real
invertible matrix P and a real diagonal matrix D such that A = PDP−1.

A.

(
0 1
1 0

)
B.

(
0 −1
1 0

)
C.

(
1 1
1 0

)
D.

(
1 1
1 1

)
E.

(
1 1
0 1

)
Correct answers: A, C, D
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2. (5 points) Which of the following sets are dense in the given ambient space?
Recall that a set S ⊂ Rn is dense if its closure S = Rn.

A. The set of integers, Z, in R

B. The set of rational numbers, Q, in R

C. The set of irrational numbers, R \Q, in R

D. The set {(x, y)T ∈ R2 | x ∈ Q, y ∈ R \Q} in R2

E. The set {(x, y)T ∈ R2 | x ∈ Q, y ∈ Z} in R2

Correct answers: B, C, D

2



II. 1. (3 points) Show that the set

{(x, y, z)T ∈ R3 | 1 < x2y + e3x+y−z < 2}

is an open subset of R3.

Proof. The function
f : R3 → R, f

(
(x, y, z)T

)
= x2y + e3x+y−z.

is continuous. For continuous functions, the preimage of open set is open.
Since (1, 2) ⊂ R is open, it follows that

f−1 ((1, 2)) = {(x, y, z)T ∈ R3 | 1 < x2y + e3x+y−z < 2}

is open.
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2. (3 points) Consider f : R2 → R defined by

f

(
x
y

)
=
xy(sinx)

x2 + y2

We write x = (x, y)T . Show that
lim
x→0

f(x) = 0.

Proof. Since −x ≤ sinx ≤ x, it follows that∣∣∣∣x(sinx)

x2 + y2

∣∣∣∣ ≤ ∣∣∣∣ x2

x2 + y2

∣∣∣∣ ≤ 1.

On the other hand, we have
limx

y

→
0

0


y = 0.

By the squeezing rule,

limx
y

→
0

0


xy(sinx)

x2 + y2
= 0.
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3. (4 points) Consider the function f : R2 → R defined by

f

(
x
y

)
=

{
x2+y2

x+y if x 6= −y
0 if x = −y

We write x = (x, y)T . Show that
lim
x→0

f(x)

does not exist.

Proof. For 0 < δ ≤ 1, let a = δ
4 and b = δ

4( δ4 − 1). Then, we have

a2 + b2 = δ2

16 + δ2

16

(
δ
4 − 1

)2
< δ2

16 + δ2

16 < δ2,

and it follows that (a, b)T ∈ B(0, δ).
On the other hand,

f

(
a
b

)
=

δ2

16 + δ2

16

(
δ
4 − 1

)2
δ2

16

= 1 +
(
δ
4 − 1

)2
> 1,

and at the same time, we have

f

(
δ
4

− δ
4

)
= 0.

This means, no matter how small δ is, there exist points x1 and x2 in B(0, δ) such that f(x1) > 1
and f(x2) = 0. Therefore,

lim
x→0

f(x)

does not exist.
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III. 1. (3 points) Give the parametric equation of the ellipse

E =

{(
x
y

)
∈ R2

∣∣∣∣ (x− a)2

r2
+

(y − b)2

s2
= 1

}
.

That is, give a function f : R→ R2 such that the image of f is E.

f : R→ R2, f(t) =

(
r cos(2πt) + a
s sin(2πt) + b

)
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2. (7 points) Consider the function f : R2 → R defined by

f

(
x
y

)
=
√
|xy|.

Show that f is not differentiable at the origin.

Proof. Since

f

(
x
0

)
= f

(
0
y

)
= 0,

it follows that
∂f

∂x

(
0
0

)
=
∂f

∂y

(
0
0

)
= 0.

If f were to be differentiable at the origin, then

limh
k

→
0

0


f

(
h
k

)
− f

(
0
0

)
− (0, 0)

(
h
k

)
∣∣∣∣∣∣∣∣(hk

)∣∣∣∣∣∣∣∣ = 0. (1)

However, we have

f

(
h
k

)
− f

(
0
0

)
− (0, 0)

(
h
k

)
∣∣∣∣∣∣∣∣(hk

)∣∣∣∣∣∣∣∣ =

√
|hk|√

h2 + k2
,

and setting h = k, we have

lim
h→0

√
h2√

h2 + h2
=

1√
2
.

Therefore, Equation (1) cannot be true, and f is not differentiable at the origin.
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