Math 318 Test 2  March 18, 2015

I. I1. IIT. Total:

Name:

Student No.

45 minutes. No aids are allowed.
There are 3 problems and 7 pages in total. The total number of points is 30.

I. Short Answers Give a short answer as directed, no justification is required.

1. (5 points) Let U be an open subset of R”, and let a € U be a point. Consider the function
f: U — R™. For each of the statements below, indicate whether it is true or false.

A. If f is continuous at a, then f is differentiable at a.

B. If f is differentiable at a, then f is continous at a.

C. If f is differentiable at a, then the partial direvatives of f at a exist.

D. If the partial direvatives of f at a exist, then f is differentiable at a.

E. If the partial direvatives of f at a exist and are continous, then f is differentiable at a.

Answers: A. False; B. True; C. True; D. False; E. True.



2. (5 points) For each of the functions below, indicate if the function is continuous at the origin
and if the function is differentiable at the origin?

A.
sin (l) ifx#£0

T

‘R —= R, T) =
/ /(@) {0 ifz=0
Answer: Not continuous and not differentiable.
B.
. l .f 0
f:R =R, f(g;):{xsm(r) ifz#

Answer: Continuous, but not differentiable.

0 ififz=0

Answer: Continuous and differentiable.

D.
2 . €T 0
- x§+111/2 if Y 7& 0
RS R,f (y) = 0
0 it () =
Y 0
Answer: Continuous, but not differentiable.
E.
x 0
lz+y| if I
fiR2 SR, f(‘;): Y .
0 if ()=
Y 0

Answer: Continuous, but not differentiable.



II. 1. (2 points) Let U be an open subset of R", and let a € U be a point. Define what it means
for the function f : U — R™ to differentiable at a.

Answer: f is differentiable at a, if there exists a linear map T : R™ — R™ such that

lim f(a+h)—f(a) —T'(h)

h0 ]| =0

2. (10 points = 2 + 4 + 4) Recall the polar coordinates (r,8) on R? is defined by
T =rcosb, y = rsind.
Let ¢ : [0,27] — R be any continuous function with ¢(0) = ¢(27). Define a function
FiRZ SR, flay) =re(d).
Prove the following statements:

a. f is continuous at the origin.

Answer: First we note that r = /22 + 32, and so

0
/ <O> 0.
The continuity of f at 0 follows from

ll)i_r)r%) f(h) = lim r¢(0) = ¢(0) limr = 0 = f(0).

r—0 r—0



b. The partial direvative at the origin with respect to x
af (0
oxr \0
Remark: Likewise, you may deduce that the partial direvative at the origin with respect to y

o)
oy \0

exists if and only if p(0) = —p(m).

exists if and only if ¢ (§) = —p(3F).

Answer: Since

. . he(0)
1 =1 L A
h0+ h Wt h #(0),
and
h 0
= = —p(mr
h—0— h h—0~ 14 ’
we conclude that
h 0
o (0 lmf<o>‘f<o>
ox \0 - h—0 h

exists if and only if p(0) = —p(m).



c. The function f is differentiable at the origin if and only if ¢ has the form
©(f) = acosf + bsind

for some constants a,b € R.

Answer: First, we assume that f is differentiable at the origin. From b., we know that the
partial direvatives has the form:

L= L) -,

Let Df(0) = (¢(0),¢(5)). It follows that

f(h) = f(0) = Df(0)h

0T ]
_ ro(0) — 0 — (p(0)rcosf + ¢ () rsinb)
- rgr(l) T
=p(0) — <<p(0) cosf + ¢ (g) sin 0)

That is, ¢(0) = acosf + bsinf, with a = ¢(0) and b = ¢ (5).
Conversely, if ¢(0) = acos @ + bsin 6, then letting Df(0) = (a,b), we have

f(h) = f(0) = Df(0)h

R o

~ im r(acos@ + bsinf) — 0 — (ar cosf + brsin )
r—0 r

= 0,

and so f is differentiable at the origin.

Note: In Cartesian coordinates, f is nothing but the linear function

@ —(a b @ — az + by,

and since the direvative of a linear function is itself, we have

Df<8>:(a b).



III. Consider the curve g : [0,27] — R? defined by

3t
g(t) = | 4cost
4sint

1. (4 points) Compute the arclength of g.

Answer: o
o) = [ Il
3

27

:/ —4sint
0 4cost
27

_ / 5t
0

= 10m.

dt



2. (4 points) Compute the curvature of g.

Answer: Since
3

Hg/(t)H: —4sint 5.
4cost

We reparametrize g by arclength using the parameter s = 5t:
g : [0,107] — R?, g(s)=[4co

Taking derivatives, we have

3
2 0
5
g'(s) = —% sin (és) , g'(s) = —% cos (%s)
%cos (%s) —35 sin gs)
Therefore, A
w(s) = ||g"(5)]| = 5 = (0



