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1. Let pV,`, ¨q be a vector space over a field F. Show that the set of invertible linear transformations from
V to itself GLpV q “ tf : V Ñ V | f is linear and invertibleu is a group, where the group operation is the
composition of linear transformations.

Proof. We first show that composition is a binary operation on GLpV q. Let f, g P GLpV q. Then each of f

and g is linear and invertible. Then, for all u, v P V and every λ P F,

rf ˝ gspu` λvq “ fpgpu` λvqq “ fpgpuq ` λgpvqq “ fpgpuqq ` λfpgpvqq “ rf ˝ gspuq ` λrf ˝ gspvq

i.e. f ˝g is linear. We now show that, strictly as a function, f ˝g is invertible, with inverse given by g-1 ˝f -1.

By associativity of function composition,

pf ˝ gq ˝ pg-1 ˝ f -1q “ f ˝ pg ˝ g-1q ˝ f -1 “ f ˝ idV ˝ f
-1 “ f ˝ f -1 “ idV

and similarly to show rg-1 ˝ f -1s ˝ rf ˝ gs “ idV . Thus, f ˝ g P GLpV q.

We claim that idV is in fact the identity element of GLpV q. First, we note that id -1
V “ idV , so idV is

invertible, and idV pu` λvq “ u` λv “ idV puq ` λ idV pvq, i.e. idV is linear, and so idV P GLpV q. Moreover,

for every f P GLpV q, we have f ˝ idV “ f “ idV ˝ f , and so idV is the identity element of GLpV q.

Finally, we show that f -1 P GLpV q for every f P GLpV q. Clearly,
`

f -1
˘-1

“ f , so f -1 is invertible.

Furthermore,

f -1pu` λvq “ f -1 pidV puq ` λ idV pvqq

“ f -1
`

rf ˝ f -1spuq ` λrf ˝ f -1spvq
˘

“ f -1
`

f
`

f -1puq
˘

` λf
`

f -1pvq
˘˘

; since f is linear,

“ f -1
`

f
`

f -1puq ` λf -1pvq
˘˘

“ rf -1 ˝ f s
`

f -1puq ` λf -1pvq
˘

“ idV
`

f -1puq ` λf -1pvq
˘

“ f -1puq ` λf -1pvq

and so f -1 is linear. Then f -1 P GLpV q, and therefore, pGLpV q, ˝q is a group. �
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2. Show that the dihedral group D2016, which is the symmetry group of the regular polygon with 2016
edges, is generated by two elements.

Proof. In lieu of this, we will show the more general case. Let n P N such that n ě 3, and let Pn be a

regular n-gon in R2 centered about the origin. Number the vertices counterclockwise 0, 1, . . . , n´1. Let r be

the rotation of Pn counterclockwise by
2π

n
radians and s be the reflection of Pn about the line of symmetry

through vertex 0. We note that rpiq “ i`1 pmodnq and spiq “ n´i “ -i pmodnq for each i P t0, 1, . . . , n´1u;

in particular, sp0q “ 0 for all n and s
´n

2

¯

“
n

2
for n P 2N.

We will now show that |Dn| “ 2n “ |xr, sy|, and hence Dm “ xr, sy. First, to show |Dn| “ 2n, we note

that the vertex 0 can be mapped to any vertex i via the symmetry ri, since rip0q “
i
ř

j“1

1 “ i. Then, we can

map vertex 1 to one of two positions; vertex i` 1 pmodnq or vertex i´ 1 pmodnq. The given symmetry ri

maps 1 to i` 1 pmodnq since rp0q “ 1, and the symmetry ris maps 0 to i since s fixes 0 and

maps 1 to i´ 1 pmodnq:

risp0q “ ri psp0qq “ rip0q “ i

risp1q “ ri psp1qq “ ripn´ 1q “ n´ 1` i pmodnq “ i´ 1 pmodnq

Thus, there are 2n positions to which the vertices 0 and 1 may be mapped. Since the positions of any two

vertices determines the positions of the remaining vertices and any symmetry must place vertex 0 adjacent

to vertex 1, there are exactly 2n symmetries of Pn, i.e. |Dn| “ 2n.

We now show that |xr, sy| “ 2n. Since rip0q “ i, we have that each of r0 “ idPn , r, r
2, . . . , rn´1 are each

distinct and not idPn
. Since rnpiq “ i` n pmodnq “ i pmodnq “ i for every i P t0, 1, . . . , n´ 1u, rn “ idpn ,

and hence |r| “ n. Similarly, since sp1q “ n ´ 1 ‰ 1 and s2piq “ s pspiqq “ spn ´ iq “ n ´ pn ´ iq “ i,

|s| “ 2. Now, we will show that s ‰ ri for any i P t0, 1, . . . , n ´ 1u (and thus for any i P Z since |r| “ n).

Suppose to the contrary that s “ rI for some I P t0, 1, . . . , n ´ 1u. Then sp0q “ 0 “ I “ rIp0q and

sp1q “ n ´ 1 “ I ` 1 pmodnq “ rIp1q. From the first equation, we have I “ 0. But then, the second

equation becomes n´ 1 “ I ` 1 pmodnq “ 0` 1 pmodnq “ 1 pmodnq “ 1, and thus n “ 2, a contradiction

(since n ě 3 by assumption). Thus, s ‰ ri for any i P t0, 1, . . . , n ´ 1u. Thus, we have now shown that

s is distinct from each of idpn , r, . . . , r
n´1. By the cancellation law, we then must have sri ‰ rj for any

i, j P t0, 1, . . . , n ´ 1u. Suppose sri “ srj , where 0 ď i, j ď n ´ 1. Then ri “ rj by the cancellation law,

and hence i “ j since |r| “ n. Thus, each sri is distinct, and each is not equal to one of the ri or to idPn
.

Thus, we have constructed 2n distinct elements of xr, sy; idPn
, r, r2, . . . , rn´1, s, sr, sr2, . . . , and srn´1. Since

xr, sy ď Dn and |Dn| “ 2n, we must therefore have Dn “ xr, sy; in particular, this holds for n “ 2016. �
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Part 1 Section 6 Exercises

For problems 12, 13, and 15 from this section, we will prove a more general result that we will then apply
to each problem.

Claim 1: Let G be a cyclic group generated by g P G. Then G “ xφpgqy for any φ P AutpGq and for any
x P G such that G “ xxy, ψx : GÑ G defined by ψxpg

nq “ xn is in AutpGq.

Proof. Let φ P AutpGq. Let h P G. Then, since φ P AutpGq and G “ xgy, there exists some n P Z such

that h “ φpgnq “ φpgqn, i.e. G “ xφpgqy. Now, suppose G “ xxy for some x P G, and define ψx as given

above. Let gm, gn P G. Then ψxpg
mgnq “ ψxpg

m`nq “ xm`n “ xmxn “ ψxpg
mqψxpg

nq, and so ψx is a

group homomorphism. Suppose gm, gn P G such that xm “ ψxpg
mq “ ψxpg

nq “ xn. Then xn´m “ e.

If n ´ m “ 0, then m “ n, and so ψx is injective. Otherwise, since G “ xxy, we must have G finite.

Then |G| “ |g| divides n ´ m, and thus n ´ m “ |g| ¨ z for some z P Z. Then n “ |g| ¨ z ` m, and thus

gn “ g|g|¨z`m “ pg|g|qzgm “ ezgm “ gm, and so ψx is injective. Let xn P G. Then gn P G and ψxpg
nq “ xn,

and so ψx is surjective. Therefore, ψx P AutpGq.

�

From Claim 1, we can very easily identify the automorphisms of any given cyclic group as follows;

by Exercise 44, any automorphism (in fact, any homomorphism from G) φ of a cyclic group G “ xgy is

determined completely by φpgq. By our above result, we know that every automorphism must map g to

some other generator φpgq, and each unique generator x of G has the unique associated automorphism ψx as

above. Therefore, there are exactly as many automorphisms of G as there are generators of G. In particular,

since Z “ x1y “ x-1y, there are only two automorphisms of Z; idZ and z ÞÑ -z. Similarly, since Z{nZ “
@

rms
D

if and only if gcdpm,nq “ 1 by Theorem 6.14, there are exactly as many automorphisms of Z{nZ as there are

positive integers relatively prime to and less than or equal to n. The function that associates each positive

integer n with this number
´

ˇ

ˇtm P N : 1 ď m ď n and gcdpm,nq “ 1u
ˇ

ˇ

¯

is called Euler’s totient function, and is usually denoted by

φ. Thus, using this notation, there are exactly φpnq automorphisms of Z{nZ. Thus, |AutpZ{2Zq| “ φp2q “ 1

and |AutpZ{6Zq| “ φp6q “ 2. In particular, for p prime, there are p ´ 1 automorphisms of Z{pZ, namely

each of ras ÞÑ rams such that rms ‰ r0s.
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49. Show by a counterexample that the following ”converse” of Theorem 6.6 is not true: If a group G is
such that every proper subgroup is cyclic, then G is cyclic.

The Klein four-group serves as such a counterexample. Recall that the Klein four group is the set

V “ t1, a, b, abu and the binary operation ˚ with the following Cayley table:

˚ 1 a b ab

1 1 a b ab

a a 1 ab b

b b ab 1 a

ab ab b a 1

By direct inspection, we see that the only subgroups of V are x1y, xay, xby, and xaby, each of which is a

proper cyclic subgroup, but that V is not cyclic since each element of V has order 2 ă 4 “ |V |.

51. Let p and q be distinct prime numbers. Find the number of generators of Z{pqZ.

As we have already shown, there are exactly φppqq generators of Z{pqZ, where φ is Euler’s totient function.
However, more can be said, and we will prove a slightly more general result.

Claim 2: If m,n P N such that gcdpm,nq “ 1, then φpmnq “ φpmqφpnq, where φ is Euler’s totient function.

Proof. If m “ 1 or n “ 1, then we are done since φp1q “ 1. Otherwise, we may write the natural numbers

1, 2, . . . ,mn in the following array:

1 1`m 1` 2m ¨ ¨ ¨ 1` pn´ 1qm
2 2`m 2` 2m ¨ ¨ ¨ 2` pn´ 1qm
...

...
...

...
...

m 2m 3m ¨ ¨ ¨ mn

Note that the entry in the ith row and the jth column is of the form i` pj ´ 1qm. We will now compute

φpmnq using this diagram. First suppose gcdpi,mq ą 1. Then there is some k P Nzt1u such that k divides

both i and m. Then k divides i ` pj ´ 1qm for every 1 ď j ď n and k divides mn (since k divides m

and m divides mn), so gcdpi ` pj ´ 1qm,mnq ě k ą 1; that is, for each i such that gcdpi,mq ą 1, none

of the entries i ` pj ´ 1qm in the ith row are relatively prime to mn. Thus, there are only φpmq rows

with any entries relatively prime to mn. Now, suppose gcdpi,mq “ 1. Since gcdpm,nq “ 1, m generates

Z{nZ by Theorem 6.14. That is, Z{n{Z “ trms, r2ms, . . . , rpn ´ 1qmsu. As in Cayley’s Theorem, using the

left regular representation of Z{nZ and the associated permutation ras ÞÑ ras ` ris “ ra ` is, we see that

Z{nZ “ tri`ms, ri` 2ms, . . . , ri` pn´ 1qmsu. By Theorem 6.14, exactly φpnq of these entries are relatively

prime to n. We will now show that each of these is in fact relatively prime to mn.
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Suppose to the contrary that gcdpm, iq “ 1 “ gcdpi ` pj ´ 1qm,nq and there exists some prime p such

that p divides both mn and i` pj ´ 1qm. Since p is prime and divides mn, we must have p divides m or p

divides n. If p divides m, then m “ pa and i` pj ´ 1qm “ pb for some a, b P Z. Then

i “ pb´ pj ´ 1qm “ pb´ pj ´ 1qppaq “ prb´ pj ´ 1qas

i.e. p divides i. But then, since p also divides m, gcdpi,mq ě p ą 1, a contradiction. If p divides n, then

n “ px and i ` pj ´ 1qm “ py for some x, y P Z. Since gcdpi ` pj ´ 1qm,nq “ 1, there exists α, β P Z such

that αri` pj ´ 1qms ` βn “ 1. Then

1 “ αri` pj ´ 1qms ` βn “ αppyq ` βppxq “ ppαy ` βxq

and so p divides 1, a contradiction. Thus, for each i such that gcdpi,mq “ 1, each of the entries i`pj´ 1qm

that are relatively prime to n are relatively prime to mn. Therefore, since there are φpmq such i and φpnq such

j for each such i, there are φpmqφpnq natural numbers relatively prime to mn, i.e. φpmnq “ φpmqφpnq. �

Since any two distinct primes p and q satisfy gcdpp, qq “ 1, we conclude that there are φppqq “ φppqφpqq

generators of Z{pqZ.

52. Let p be a prime number. Find the number of generators of Z{prZ, where r P N.

As previously, we know that the number of generators is φpprq. However, as before, more can be said.

Claim 3: If p is prime and r P N, then φpprq “ pr ´ pr´1 “ pr´1pp´ 1q.

Proof. First, we note that φppq “ pp ´ 1q, and that the only divisors of p are itself and 1. Thus, the only

divisors of pr are pl where 0 ď l ď r. Moreover, each pl for l ě 2 is itself a multiple of p. Thus, the only

numbers not relatively prime to pr are the multiples of p, of which there are exactly pr´1 between 1 and pr

(including pr). Therefore, φpprq “ pr ´ pr´1 “ pr´1pp´ 1q. �

Thus, we conclude that there φpprq “ pr´1pp´ 1q generators of Z{prZ. In fact, this result, our previous

result concerning φ, and The Fundamental Theorem of Arithmetic allow us to relatively quickly compute

φpnq for any n P N; by The Fundamental Theorem, let n “
N
ś

i“1

peii be the prime factorization of n into distinct

prime powers. Then gcdppi, pjq “ 1 for all i ‰ j, and thus φpnq “ φ

ˆ

N
ś

i“1

peii

˙

“
N
ś

i“1

φppeii q “
N
ś

i“1

pei´1
i ppi´1q.
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53. Show that in a finite cyclic group G of order n, written multiplicatively, the equation xm “ e has
exactly m solutions for x in G for every positive divisor m of n.

Again, we are able to show a slightly stronger result with little extra effort.

Claim 4: For m P N, xm “ e has exactly gcdpm,nq solutions in G.

Proof. Let m P N, and d “ gcdpm,nq. Then d divides both m and n, and so m
d ,

n
d P N. Thus,

px
n
d qm “ pxnq

m
d “ e

m
d “ e

and so x
n
d is one of the desired solutions. Thus, each integer power px

n
d qa “ x

an
d is also a solution. Since

|x| “ n, there are exactly d distinct powers of x
n
d , namely x

n
d , x

2n
d , . . . x

dn
d “ xn “ e. Thus, it remains to

be show that any solution must be one of these powers of x
n
d . Suppose xz “ e. By the Division Algorithm,

z “ q nd ` r for some q, r P Z with 0 ď r ă n
d . Then

e “ xz “ xq
n
d`r “ xq

n
d xr “ px

n
d qqxr “ eqxr “ xr

Since n ě n
d and |x| “ n, we must have r “ 0, and therefore z is a multiple of n

d as desired. �

Applying this to the special case that m divides n gives that there are gcdpm,nq “ m solutions.

55. Show that Z{pZ has no proper non-trivial subgroups if p is prime

Proof. As in class, if H ď Z{pZ, then H “ xrdsy for some rds P Z{pZ. If tr0su ň H, then rds ‰ r0s. But then

gcdpd, pq “ 1, and so H “ xrdsy “ Z{pZ by Theorem 6.14. �

56 Let G be an abelian group, and let H and K be finite cyclic groups of order r and s respectively.
Show that G contains a cyclic group of order lcmpr, sq.

Proof. We will first show the case where gcdpr, sq “ 1, and will then use this result to generalize. Since

gcdpr, sq “ 1 and rs “ lcmpr, sq gcdpr, sq (which we will use without proof), we then have lcmpr, sq “ rs. We

claim that |hk| “ rs. First, we note that since G is abelian, phkqrs “ hrskrs “ phrqspksqr “ eser “ e, and so

|hk| ď rs. Suppose n P N such that phkqn “ e. By the Division Algorithm, we can write n “ ar` b “ xs`y,

where a, b, x, y P Z such that 0 ď b ă r and 0 ď y ă s. Then, since G is abelian,

phkqn “ hnkn “ har`bkxs`y “ phrqahbpksqxky “ eahbexky “ hbky
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and thus h-b “ ky. Call this group element x. Then x P H,K, and thus x P H XK. Since H and K are

cyclic with |H| “ r and |K| “ s, |x| must divide both r and s by Theorem 6.14, i.e. |x| is a common divisor

of r and s. Thus, since gcdpr, sq “ 1, |x| “ 1, i.e. x “ e. Then hb “ ph-bq-1 “ e-1 “ e, and hence we must

have b “ 0 since 0 ď b ă r “ |h|. Similarly, y “ 0. Then n “ ar “ xs, i.e. n is a common multiple of r and

s. Then, by definition, lcmpr, sq “ rs ď n, and thus we must in fact have |hk| “ rs as desired.

We now do the general case. By the Fundamental Theorem of Algebra, r “
M
ś

i“1

pλi
i and s “

N
ś

j“1

p
σj

j for

some primes pi, pj and λi, σj P N. Then, allowing λk, σk “ 0, r “
M`N
ś

k“1

pλk

k and s “
M`N
ś

k“1

pσk

k , where each

pk is distinct. Then, let Λ “ tk : λk ě σku and let Σ “ t1, 2, . . . ,M ` NuzΛ “ tk : σk ą λku. Then,

since gcdpr, sq “
M`N
ś

k“1

p
minpλk,σkq

k and lcmpr, sq “
M`N
ś

k“1

p
maxpλk,σkq

k , we have gcdpr, sq “
ś

kPΛ

pσk

k

ś

kPΣ

pλk

k and

lcmpr, sq “
ś

kPΛ

pλk

k

ś

kPΣ

pσk

k . Thus, gcdpr, sq “
M`N
ś

k“1

pmk

k “
ś

kPΛ

pσk

k

ś

kPΣ

pλk

k and lcmpr, sq “
ś

kPΛ

pλk
i

ś

kPΣ

pσk

k .

Then, by Theorem 6.14, since |h| “ r, |hm| “
ś

kPΛ

pλk
i , where m “

ś

kPΣ

pλk

k , since

r “
M`N
ś

k“1

pλk

k “
ś

kPΛ

pλk

k

ś

kPΣ

pλk

k . Similarly, |kn| “
ś

kPΣ

pσk

k , where n “
ś

kPΛ

pσk

k . Since ΛX Σ “ H, we have

gcdp|hm|, |kn|q “ gcd

˜«

ź

kPΛ

pλk
i

ff

,

«

ź

kPΣ

pσk
i

ff¸

“ 1

Thus, by our prior result, |hmkn| “ |hm||kn| “
ś

kPΛ

pλk

k

ś

kPΣ

pσk

k “ lcmpr, sq, and therefore, xhmkny ď G is

the desired cyclic subgroup. �
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Part 1 Section 8 Exercises

18. Consider the group S3 of Example 8.7

i Compute xρ1y, xρ2y, and xµ1y.

ii Give the subgroup lattice for S3.

Proof.

i. Directly, we compute xρ1y “ tρ0, ρ1, ρ2u “ xρ2y and xµ1y “ tρ0, µ1u.

ii. Again, by direct computation and comparison we construct the following:

Subgroup Lattice of S3

xρ0y

xρ1y

xµ1y xµ2y xµ3y

S3

�

21 ii. The given group is isomorphic to S3.

Proof. It can be varified directly that the map

»

—

—

—

—

–

1 0 0

0 1 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

ÞÑ ι,

»

—

—

—

—

–

0 1 0

1 0 0

0 0 1

fi

ffi

ffi

ffi

ffi

fl

ÞÑ p12q

»

—

—

—

—

–

0 0 1

0 1 0

1 0 0

fi

ffi

ffi

ffi

ffi

fl

ÞÑ p13q

»

—

—

—

—

–

1 0 0

0 0 1

0 1 0

fi

ffi

ffi

ffi

ffi

fl

ÞÑ p23q

»

—

—

—

—

–

0 0 1

1 0 0

0 1 0

fi

ffi

ffi

ffi

ffi

fl

ÞÑ p123q

»

—

—

—

—

–

0 1 0

0 0 2

1 0 0

fi

ffi

ffi

ffi

ffi

fl

ÞÑ p132q

is a group isomorphism into S3. �
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44. Compute |Dn| and find a subgroup pf Dn with order
|Dn|

2
.

Proof. Our arguments from Problem 2 give |Dn| “ 2n, and the desired subgroup is xry. �

49. If A is a set, then H ď SA is said to be transitive on A if for all a, b P A, there exists σ P H such
that σpaq “ b. Show that if A is a nonempty finite set, then there exists a finite cyclic subgroup H ď SA
with |H| “ |A| such that H is transitive on A.

Proof. Let A “ t0, 1, . . . , n´ 1u. Let σ “ p0 1 ¨ ¨ ¨ n´ 1q. We claim that xσy is transitive on A and |σ| “ n.

Since σpiq “ i`1 pmodnq, |σ| “ n since σnpiq “ i for all i P A and σmp1q “ 1`m ‰ 1 pmodnq if 1 ď m ă n.

Furthermore, for any i, j P A, σj´i P xσy and σj´ipiq “ i ` pj ´ iq pmodnq “ j pmodnq “ j, so xσy is

transitive on A (in fact, viewing Dn as a subgroup of Sn, σ “ r as in Problem 2). �

53 i. Show that every finite group of order n is isomorphic to a group of n ˆ n permutation matrices
under matrix multiplication.

Proof. We will essentially mimic the isomorphism given in Problem 21 part ii of this same section. Let

G be a finite group. Let G be a group with |G| “ n. Let G “ tg1, g2, . . . , gnu be some enumeration of

G. By Cayley’s Theorem, G is isomorphic to some subgroup of SG. Since |G| “ n, G is isomorphic to

Sn as a set, and so SG is isomorphic to Sn. Thus, G is isomorphic to some subgroup of Sn. We now

show that Sn is isomorphic to the set of matrices with distinct elementary basis elements as rows under

matrix multiplication, i.e. Sn ” Pnˆn “
 

A P Opn,Rq : A “ rei ej . . . eks and ti, j, . . . , ku “ t1, 2, . . . , nu
(

,

where ei is the column vector with a 1 in the ith position and zero for all other entries. We claim that

φ : Sn Ñ Pnˆn defined by φpσq “ reσp1q eσp2q ¨ ¨ ¨ eσpnqs is a group isomorphism. Clearly φ maps Sn into

Pnˆn since σrt1, 2, . . . , nus “ t1, 2, . . . , nu by definition of Sn. Suppose σ, λ P Sn such that φpσq “ φpλq.

Then reσp1q eσp2q ¨ ¨ ¨ eσpnqs “ reλp1q eλp2q ¨ ¨ ¨ eλpnqs. Equating columns gives eσpiq “ eλpiq for all i, and hence

σpiq “ λpiq, i.e. σ “ λ. Let rei ej ¨ ¨ ¨ eks P Pnˆn. Then the map 1 ÞÑ i, 2 ÞÑ j, . . . , n ÞÑ k is in Sn since

ti, j, . . . , ku “ t1, 2, . . . , nu and |ti, j, . . . , ku| “ n. Call this map µ. Then

φpµq “ reµp1q eµp2q ¨ ¨ ¨ eµpnqs “ rei ej ¨ ¨ ¨ eks, and so φ is surjective.

To show that φ is a homomorphism, we first show a result that will aid in later computation. Let ρ P S3.

Then φpρq “ reρp1q eρp2q ¨ ¨ ¨ eρpnqs. Thus, the entry in the ith row and jth column is 1 if and only if ρpjq “ i.

But this occurs if and only if i “ ρ-1pjq, which is equivalent to the entry in the ith row and jth column of

reρ-1p1q eρ-1p2q ¨ ¨ ¨ eρ-1pnqs
T is 1. That is, we have shown

φpρq “ reρp1q eρp2q ¨ ¨ ¨ eρpnqs “ reρ-1p1q eρ-1p2q ¨ ¨ ¨ eρ-1pnqs
T . With this result in mind, for σ, λ P S3, we have

φpσ ˝ λq “ reσ˝λp1q eσ˝λp2q ¨ ¨ ¨ eσ˝λpnqs. In this matrix, the entry in the ith row and jth column is 1 if and
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only if σ ˝ λpjq “ i, which is true if and only if λpjq “ σ-1piq. But this is equivalent to xeσ-1piq, eλpjqy “ 1

(where x¨, ¨y is the standard inner product on Rn), which occurs if and only if the entry in the ith row and

jth column of reσ-1p1q eσ-1p2q ¨ ¨ ¨ eσ-1pnqs
T reλ-1p1q eλ-1p2q ¨ ¨ ¨ eλ-1pnqs is 1 since the entry in the ith row and jth

column of this product is defined to be xeσ-1piq, eλpjqy. Thus, by our above result that reσp1q eσp2q ¨ ¨ ¨ eσpnqs “

reσ-1p1q eσ-1p2q ¨ ¨ ¨ eσ-1pnqs
T , we have

φpσ ˝ λq “ reσ˝λp1q eσ˝λp2q ¨ ¨ ¨ eσ˝λpnqs

“ reσ-1p1q eσ-1p2q ¨ ¨ ¨ eσ-1pnqs
T reλp1q eλp2q ¨ ¨ ¨ eλpnqs

“ reσp1q eσp2q ¨ ¨ ¨ eσpnqsreλp1q eλp2q ¨ ¨ ¨ eλpnqs

“ φpσqφpλq

i.e. φ is a group homomorphism. Then φ is in fact an isomorphism. To recap, we now know that G is

isomorphic to a subgroup of Sn by Cayley’s Theorem, and we have just shown that Sn ” Pnˆn. In particular,

in the argument of Cayley’s Theorem, we constructed the left regular representation of G, which embeds G

as a subgroup of Sn. Call this embedding L. Then φ ˝ L : G Ñ Pnˆn is an injective homomorphism since

both φ and L are injective homomorphisms. Here, we only show the homomorphism property: for x, y P G,

rφ ˝ Lspx ˚ yq “ φ
`

Lpx ˚ yq
˘

“ φ
`

Lpxq ˝ Lpyq
˘

“ φ
`

Lpxq
˘

φ
`

Lpyq
˘

Therefore, since φ ˝L is an injective group homomorphism, G ” pφ ˝Lq rGs ď Pnˆn, i.e. G is isomorphic to

the subgroup pφ ˝ Lq rGs of Pnˆn. �
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