Math 430 Test 1 Solutions  April 11, 2016

I. True/False
1. Every finite group admits a composition series. True
2. All abelian groups are nilpotent. False
For example, Z is abelian, but not solvable, and therefore not nilpotent.
3. Let X be a G-set, and let x € X. If G is finite, then |G| = |O4| - |G| True
Recall that O, = {y € X | y = gz for some g € G} and G, = {g € G | gx = x}.
4. Every non-trivial subgroup of free group is free. True

Theorem 39.10. Note that the proof of this result is not trivial.

5. If G is a free group and ¢ : G — H is a group homomorphism, then the image of ¢ is a free
group. False

See, for example, Exercises 39.3 and 39.4, which is part of your homework.

II. Short Answers (20 points) No justification needed.
1. Give an example of a solvable group which is not nilpotent.

For example, S3.

2. Give two examples of non-abelian groups of order 60. Make sure that the two examples are not
isomorphic.

For example, D3y (or Dgp) and As. Note that As is simple, and Ds3g is not simple, so they are
not isomorphic.

3. Give isomorphic refinements to the following two series of groups:

{0} < 6Z <2Z < 7,
{0} < 35Z <BZ<Z

We have the refinements as follows:

{0} < 210Z < 30Z < 6Z < 27 < Z,
{0} < 210Z < 7T0Z < 35Z < 5Z < Z

4. List all groups of order 14 up to isomorphism.

There are two groups of order 14, namely D7 (or Di4) and Z/147.

5. List four non-isomorphic groups of order 8.

There are five groups of order 8, namely Z/8Z, (Z/AZ) x (Z/2Z), (Z)2Z) x (Z/2Z) x (Z/2Z),
Dy (or Dg) and the quaternion group Qg. You may list any four of these.
6. For each of the following group presentations, determine the given group G.

a) G={(a|a"=1).

G = Z/nk.

b) G={(a,b|a"=1, ™ =1, ab=ba).

G = (Z/nZ) x (Z]/mZ).



¢c) G={(a,b|la"=1, =1, (ba)?=1).
D

G = D, (or G = Dayy,).
d) G={ai,a2,...,a, | a?zl, a;a; = a;a;).
G = (z/)2z2)".

e) G = (01,092,053 |02 =1, 0103 = 0301, (0102)3 = (0203)> = 1).
G = Sy where 01 = (12), 02 = (23) and o3 = (34).

ITII. Proofs (20 points) In each of the following problems, give a complete proof.

1. Prove that there are no simple groups of order 144.

Note that 144 = 16 x 9 = 2% x 32. Let G be a simple group of order 144, and let n3 be the
number of Sylow 3-subgroups of G, i.e. the number of subgroups of order 9. By the Sylow theorems,
ns = 1,4, 16.

If ng = 4, then acting by conjugation on these 4 Sylow 3-subgroups, we obtain a group ho-
momorphism from G to Sy. Since 144 does not divides 4!, it follows that this group map has a
non-trivial kernel and G is not simple. So n3 = 16.

Now if every pair of Sylow 3-subgroups have trivial intersection, then there are at least 16 x 8 =
128 elements of order 3 or 9 in G. This leaves only 16 more elements, which means that there are
only one Sylow 2-subgroup, necessarily normal, contradiciting the assumption that G is simple.

Thus, there exist two different Sylow 3-subgroups P and @ such that |[P N Q| = 3. Let N =
Ng(P N Q) be the normalizer of P N @, which is the largest subgroup of G that contain P N Q as
a normal subgroup. If N = G, then P N is normal in G and G is not simple. Since N contain
both P and @, |[N| > 9 and is divisible by 9, so |[N| = 18,36, 72. By the Sylow theorems, groups
of order 18 contain only one group of order 9, contradicting the assumption that P # (. On the
other hand, if |N| is either 36 and 72, then [G : N] is either 2 or 4, and the action of G on the
cosets of N yields group homomorphisms from G to Sy or S4. These maps have non-trivial kernels,
contradicting the assumption that G is simple.

2. Recall that for a group G, the commutator subgroup G is generated by the collection of
commutators {ghg~'h~! | g,h € G}.
Show that if N is normal subgroup of G, then N is also a normal subgroup of G.

We need to show that for every g € G and every z € N, we have gzg~! € N, Now z is a
product of commutators of N, so by inserting gg—! between each product of commutators, it suffices
to show that for every commutator N17L2n1_1n2_1 where ni,no € N, we have gnlngnflnglg_l is
again a commutator.

Indeed, since N is normal in G, it follows that gnig~! = n3 and gnig~' = ny for some
ng,ng € N. Thus,

gningny nylgTt = (gnlg_l) (gngg_l) (9“1_19_1) (gnglg_l) (1)
1

1 -

as required.



