Ma 4102: Introduction to Lebesgue Integration
Solutions to Homework Assignment 4

Prof. Wickerhauser

Read Chapter 7 of our textbook.

Upload your complete solutions using GradeScope. Late homework will not be ac-
cepted.

Note: Many of the exercises in section 34 of Chapter 7, in addition to those assigned, are
worthy of your efforts.

1. (Ex.34.3,p.108) Let M % {f:1]0,1] — R|f attains both a minimum and a maximum value.}
Show that M is not a vector space, namely it is not preserved by addition and scalar
multiplication.

Solution: Many counterexamples exist, all sharing discontinuities as a key property.
For example, let f(z) = x, and let

1/2, x=0
glx) =4 —1/2, z=1
0, O0<z<l1.

Then f,g € M, attaining their extrema at 0 and 1, but f + ¢ attains neither its
maximum nor its minimum in [0, 1].

(The continuous functions in M do form a vector space.) O
(Ex.34.5 and 34.18,p.109)

(a) For any norm || - ||, prove that |[[z[| — ||y[|| < [lz — y|

(b) For the derived norm ||z||, prove that ||z + y||*> + ||z — y[|* = 2(||z]|* + ||y]|?).

(¢) Find a norm for which (b) does not hold.

Solution:  (a) Since ||u + v| < ||u|| + ||v]] and || — u|| = [Ju|| for any norm, put
u=x—yand v =y to get

el < flz =yl + llyll, = llzll =Nyl < lle =yl
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Similarly, put u =y — x and v = = to get
lyll < lly = ll + [lzll = [lo =yl + llzll, = lyll = ll=]] < [z =yl

Conclude that [|[z]| —[ly|l| < llz —y]-

(b) Expand, using the linearity and symmetry of the inner product from which || - || is
derived:

lz+yl* = Jll* + 22 -y + [yl

le—yl* = lzl* =22y + [lyl*

Adding both sides yields the result.

(c) There are many examples but the supremum norm on R? gives an easy one:
r=(1,0),y=1(0,1) =z =yl =Ilz+yl=lz—-yl=1
so [lz +yl* + [lz — yl|* = 2 while 2(|[z[|* + [ly[*) = 4. O

. (Ex.34.8,p.109) Prove that if f, € C([0,1]) for n = 1,2,..., and f, — f in the
supremum norm (Example 32.4(2),p.95), then f, — f in the £! norm (Example
32.4(3),p.95).

Solution:  First note that f is continuous since it is the uniform limit of a sequence
of continuous functions, so |f, — f| is continuous for every n.

Now let € > 0 be given and find N such that n > N implies |f,,(z) — f(z)| < e. Then
by monotonicity of the Riemann integral,

1fu— fl = /01 (@) — F(@)| do < /Oledx e

Conclude that lim, o || f — flli =0, so f, — f in £! norm. O

. (Ex.34.9,p.109) Prove that any convergent sequence in a normed linear space is a
Cauchy sequence.

Solution:  Suppose z, — L as n — oo. Let € > 0 be given. Then there is some
N < oo such that
n>N = |z, — L|| <e/2.

But then by the triangle inequality,
n,m>N = |z, — 2| = |z, — L+ (L —2)|| < |z — L + |2, — L|| <,

and so {z,} is a Cauchy sequence. O



5. (Ex.34.21,p.110, corrected)
(a) Prove that an orthonormal set in an inner product space is linearly independent.

(b) Prove that if {vy,...,v,} is an orthonormal basis for V', then any v € V' can be

expressed as
n

v = Z(v - 0;)U;

i=1

Solution:  (a) Suppose that {vy,...,v,} is an orthonormal set in an inner product
space, and that {c;,...,¢,} € R with c;v; + -+ 4+ ¢,v, = 0. For j € {1,...,n},

compute
n

0= vy - 0= vy - (ZCZ"UZ) == ZCi(Uj . Ui) == Cj(Uj . Uj) = Cj.
=1

i=1
Thus ¢; = 0 for all j. Conclude that {v1,...,v,} is a linearly independent set.

(b) Since {v1,...,v,} is a basis, any v € V may be written as

n
v = Z C;U;
=1

for some unique (cy,...,¢,) € R". But then
n n
vt <Z ci”") v =i vy) = ¢lvy ) = ¢
i=1 —

=1

since v, -v; = 1 while v;-v; = 0 for ¢ # j in the orthonormal set {v1, ..., v,}. Conclude

that ¢; =v-v; foreachi=1,...,n. O
6. (Ex.34.29 and 34.30,p.111)

(a) Prove that if f,, f € L*(A) and f,, — f uniformly on A, then f,, — f in £

(b) Find a counterexample to show that pointwise convergence does not imply £2

convergence.

Solution: (a) Recall that we assume that A is bounded and measurable in the

definition of £L2(A), so u(A) < .

Let € > 0 be given. By uniform convergence, there exists N such that

€

u(A)

n>N = (Vo€ Alfule) - fla)] <



From the hypotheses we know that |f, — f| € £?(A) for every n, so we may compute
2 2 €
n— = w— fIPdp < —— u(A) =e.
I = I = [V = P < F () =
Since e was arbitrary, we may conclude that lim, . || f, — f|l2 = 0.

NOTE: the result fails for unbounded A with (A) = co. One counterexample with
A=10,00) is
1/4/n, 0<z<n,
fole) = { /Vn

0, otherwise,
which converges uniformly to 0 on A but satisfies || f,,||2 = 1 for every n.

b) There are many pointwise convergent sequences that evade dominated convergence
g g
such as:
fula) = { Y w S S
"] 0, otherwise,

for x € [0,2]. Then f, — 0 pointwise as n — oo, but ||f, — 0|2 = || ful|2 = 1 for every
n, so lim, o || fn — Ol =1 # 0. O

. (Ex.34.32,p.111) Let f,, f,g € L?(A), and suppose f, — f in £L2. Prove that

lhn(/mﬁydu=:/afgdu-
A A

n—o0

Solution:  Apply Cauchy’s inequality using the inner product f-g = [, fgdu of
L?(A) and its derived norm || f|lo = v/ f - [:

[ fagdn = [ fgdn| =100 = )9l < 1= Flallgle >0, asn - oc,
since lim,, o || fn» — f|l2 = 0 by hypothesis. O

. (Ex.34.36,p.111) Show that the unit sphere {f € £2([0,1]) : || f|| = 1} is not compact.
[Hint: find a sequence {g, : n =1,2,...} with ||g|| = 1 but with |/g, — g,|| > 1 for all
n # m.]

Solution: Following the hint, let

(2) = 272 2T < p <2 %27
GnT) = 0, otherwise,

for n = 1,2,.... Then ||g,|| = 1 for every n, but ||g, — gm| = V2 whenever n # m.
Hence the infinite set {g, : n = 1,2,...} has no accumulation point in the unit sphere,
which it would if the unit sphere were compact. a
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9.

10.

(Ex.34.33,p.111) Prove that if f,, € £2(A) for all n, and f, — fin £2, then f € L?(A).

Solution: In other words, prove that £2(A) is complete. As always, assume that A
is bounded and measurable.

First use Ex.4 above to conclude that {f,} is a Cauchy sequence in £?(A). Then apply
Th.33.11, p.105, to conclude that {f,} converges pointwise almost everywhere to a
function f € £2(A), and that lim, o ||fn — fll2 = 0.

Finally, since f, — f in £*(A), use the triangle inequality to estimate
0<f=Flo < If = Fallo+ 1o = Fll2 = 0, asn — oo,
so ||f = fll2=0,s0 f = f ae., so feL2A). 0

(Ex.34.41,p.112) Suppose that A C R is bounded and Lebesgue measurable, and f is
a measurable function defined on A.

(a) Show that [| flly < [lf]l2 \/n(A)-

(b) Find a sequence {f,} C L£(A) N £L?(A) which converges to 0 in £! but does not
converge in £2. O

Solution:  (a) Since p(A) < oo, the constant function 1 belongs to £2(A) with
II1||2 = y/1(A). Use this with Cauchy’s inequality to compute

1Al = [ 1f1dn =151 1< U7l = 1/ (A).

Note that this implies £?(A) C L}(A) for bounded measurable A C R.

(b) One source of counterexamples are sequences with nondecreasing £? norm, such as
the one from Ex.6(b) above:

fn(:v)Z{ Vi < TS

0, otherwise,

forn=1,2,... and z € [0,2]. Then

2 2/n
£ =0l = [ Valdu= [ fu()de= [ " Vade=1/vn,

so fn — 0 in £'([0,1]) as n — oo, but | f, — Ol = [[full2 = 1 for every n, so
limy, o0 || fn = Ofl2 = 1 # 0. O



