
Math 456: Introduction to Financial Mathematics
Homework Set 2

1. Let
Φ(x) = 1√

2π

∫ x

−∞
e−t2/2 dt

be the cumulative distribution function of the standard normal random
variable. Prove that

Φ(x) + Φ(−x) = 1
for every x.

2. (a) There is an error in the textbook at Eq.2.7 on p.26. Find the correct
mean and variance of the endpoint X(n, ·) using Eq.2.6 on p.24 and the
known mean and variance

E(B) = np, Var(B) = np(1 − p),

where B is the binomial random variable taking values k ∈ {0, 1, . . . , n},
with k being the number of successes in n independent trials with success
probability p.
(b) Renormalize X(t, ω) to get the continuous piecewise linear stochastic
process X̂(t, ω) on 0 ≤ t ≤ 1 defined by:

X̂(t, ω) def= 1√
n

X(nt, ω).

Compute the mean and variance of X̂(1, ω).

3. Use the Call-Put Parity formula to derive the Black-Scholes formula for
European-style Put options, Eq.2.26:

P (0) = e−rT KΦ(−d2) − S0Φ(−d1).

4. Let d1, d2 be defined as in Eq.2.24, and let ϕ be the standard normal p.d.f.
defined in Eq.2.18. Show that

S0ϕ(d1) − Ke−rT ϕ(d2) = 0.

(Hint: Notice that d1 − d2 = v
√

T and

d1 + d2 = 2(log S0

K
+ rT )/(v

√
T ),

and thus (d2
1 − d2

2)/2 = (d1 − d2)(d1 + d2)/2 = log(S0/K) + rT .)
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5. Derive ∆C and ∆P in Section 2.3.3 by differentiating the Black-Scholes
formulas.

6. Derive ΓC and ΓP in Section 2.3.3 from Black-Scholes.

7. Derive ΘC and ΘP in Section 2.3.3 from Black-Scholes.

8. Derive κC and κP in Section 2.3.3 from Black-Scholes.

9. Derive ρC and ρP in Section 2.3.3 from Black-Scholes.

10. (a) Verify Eq.2.34 relating ΘC , ∆C , and ΓC .
(b) Find the equivalent relation for Puts and verify it.

11. (a) Find the coefficients p1, p2, p3 that give the least-squares best fit

f(x) = p1 + p2ex + p3e−x

to the data {(x, y)} = {(−2, 4), (−1, 1), (0, 0), (1, 1), (2, 4)}.
(b) Plot f at 81 equispaced points on a graph showing the data.

12. At one instant, two days before expiry, near-the-money Call options for
ABC common stock had the following prices:

Strike price Premium Open interest
44.00 3.80 3,260
45.00 2.77 4,499
46.00 1.77 3,862
47.00 0.78 6,271
48.00 0.18 10,156
49.00 0.03 10,619
50.00 0.01 14,219

The spot price for ABC is $47.58. Estimate the premium for the at-the-
money Call option in the following ways:
(a) Unweighted quadratic regression.
(b) Weighted quadratic regression.
(c) Polynomial interpolation.
(d) Spline interpolation.
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