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Abstract

We present results of Strang and Shen that locate with high precision
the zeros of high degree polynomials used in the construction of an im-
portant class of orthogonal wavelets known as the Daubechies wavelets.
We then give applications to problems in wavelet analysis and present a
similar analysis of zeros of the reversed Bessel polynomials used in the
construction of filters.

1 A Note on Notation

The fields of filter design and wavelet analysis developed relatively indepen-
dently and at different periods in time. While they often deal with related
questions, the historical development of these fields means that the notation
was and is far from standardized. This unfortunate fact means that in order
for this paper to be consistent, we have had to make choices with regard to our
notation. We have opted to use the mathematician’s notation whenever possible
(and when it is not possible we will be explicit about the exception).

Additionally, some captions of figures in this paper are superscripted with
a dagger †. These figures are still frames from software written for this paper
available at https://www.math.wustl.edu/˜victor/stone/. The programs ani-
mate the behavior of roots of specific polynomial functions as the degree of the
function is increased. More information is available on the webpage and in the
freely available code for those interested.

2 Wavelet Basics

We begin by introducing the basics of wavelet analysis, adapted from [4].
We say that the complex-valued function ψ(x) of the real variable x is a

mother wavelet if and only if the set of child wavelets

{ψjk(x) := 2
j
2ψ(2jx− k) : j, k ∈ Z} (2.0.1)
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Figure 1: The Haar Wavelet

is an orthonormal basis for L2(R) where orthogonality is determined by the L2

inner product and normality is determined by the L2 norm

< φ,ψ >=

∞∫
−∞

φ(x)ψ(x)dx, ||ψ|| =
∞∫
−∞

|ψ(x)|2dx

Note that the real requirement is that of orthogonality since the definition of
ψjk includes a normalization factor so that ψjk has unit norm if ψ has unit
norm:

||ψjk|| =
∞∫
−∞

|2
j
2ψ(2j(x− k))|2dx = (2

j
2 )2(

1

2j
) = 1

Note also that a basis determined from a mother wavelet has nested support for
fixed k. In particular, fixing k = n, we have that ∀j supp(ψjn) ⊂ supp(ψ(j+1)n).

One simple example of a mother wavelet is the Haar wavelet. The Haar
wavelet, displayed in Figure 1, is defined as follows:

ψ(x) =


1 if 0 ≤ x < 1

2

−1 if 1
2 ≤ x < 1

0 otherwise

The Haar wavelet clearly has unit norm, and therefore so does each ψjk(x).
Additionally, each ψjk(x) is orthogonal to each ψj′k′(x) for jk 6= j′k′, since the
child wavelet with smaller support, say ψjk(x), has its support within an interval
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where ψj′k′(x) is constant or is disjoint from the support of ψj′k′(x) entirely.
Finally, Haar showed in his original paper about this system of functions that
it indeed forms a basis for L2(R) [11].

2.1 Multiresolution Analysis and the Associated Condi-
tions on Wavelet Coefficients

In general, the construction of a mother wavelet is done not directly as in the
above example but by using a framework known as multiresolution analysis to
define another function φ called the scaling function. A multiresolution analysis
of L2(R) is an ascending filtration · · · ⊂ V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ . . . of
subspaces Vj of L2(R) such that

• Vn → L2(R) as n→∞

• Vn → {∅} as n→ −∞

• f(x) ∈ Vn ⇐⇒ f(2−nx) ∈ V0

• ∃ φ(x) ∈ L2(R) such that {φ(x − k) : k ∈ Z} is a Hilbert basis for
V0 = span{φ(x− k) : k ∈ Z}

A multiresolution analysis us gives a way to look at L2(R) with higher and
higher resolution as we increase j, increasing the size of the space Vj we are
considering. The wavelets then lie in the ’spaces between resolutions’, that is,
each ψjk ∈Wj where Vj+1 = Vj ⊕Wj .

The main advantage of this approach is that finding the scaling function is
much easier than finding a wavelet directly. One way, for example, to find such
a scaling function is to solve a fixed-point problem. In particular, since φ ∈ V0

and V0 ⊂ V1, φ ∈ V1 and so {φ(2x− k)} is a basis for V1. Therefore,

φ(x) =
√

2
∑
k∈Z

hkφ(2x− k) (2.1.1)

This is the two-scale equation, and we call the function h that applies the ex-
pansion in hk a low pass filter. Since h is a contraction mapping (technically
a non-expansion, but we will forget about this point), Banach’s Fixed Point
Theorem guarantees such a φ and gives us a way to find it [13].

We then define our wavelet as

ψ(x) =
√

2
∑
k

(−1)kh1−kφ(2x− k) (2.1.2)

In a similar fashion, letting gk := (−1)kh1−k allows us define to the function g
that applies the expansion in gk a high pass filter.

We can recast our earlier example of the Haar wavelet in this new language.
Choosing φ = 1[0,1], we see that our filter coefficients h0 = h1 = 1√

2
. After
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setting gk = (−1)kh1−k as above, we have recovered ψ(x) = 1[0, 12 ) − 1[ 1
2 ,1), the

Haar wavelet.
Additionally, the added machinery gives us a set of necessary conditions on

a scaling function. Suppose that our scaling function φ is both integrable and
square-integrable with non-zero integral over R. Then by the two scale equation∫
R

φ(x)dx =

∫
R

∑
k

hk
√

2φ(2x−k)dx =
∑
k

hk

∫
R

√
2φ(2x−k)dx =

1√
2

∑
k

hk

∫
R

φ(x)dx

and therefore ∑
k

hk =
√

2 (2.1.3)

Additionally, since {
√

2φ(2x − k) : k ∈ Z} is an orthonormal basis for L2(R),
we have that

1 =< φ(t), φ(t) >=
∑
i

∑
j

h(i)h(j)δ(j − i) =
∑
k∈Z
|hk|2 (2.1.4)

where δ(n) is the Kronecker delta. Finally, the filter must be of even length,
that is, for some n ∈ Z

inf
N
{N : hk = 0 ∀k outside a contiguous interval of length N) = 2n (2.1.5)

If there were instead a filter of length N = 2n+ 1, the orthogonality condition
would stipulate that

0 =
∑
k

hkh2n+k = h0h2n

implying that h0 or h2n is zero, contradicting that the filter is of length N .

3 Construction of the Daubechies Wavelets

With this framework in place, we can consider more interesting wavelets than
Haar’s. One class of wavelets of great practical and historical importance are
the Daubechies wavelets, designed by Ingrid Daubechies and detailed in [1].

The construction of wavelets and filters is first and foremost a design prob-
lem: it is necessary to define what properties are desirable. Once this is defined,
we can proceed to derive those wavelets and filters that have these properties.
For Ingrid Daubechies, a ”good” orthogonal wavelet had to be (1) compactly-
supported on the real line and (2) have many vanishing moments.

We say a wavelet ψ is said to have p vanishing moments if and only if
∞∫
−∞

tkψ(t)dt = 0 ∀k such that 0 ≤ k < p. The number of vanishing moments,

then, in some sense estimates how quickly the function decays. A wavelet having
p vanishing moments can be shown to imply that a linear combination of the
scaling function is able to represent polynomials of degree less than p. Roughly
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speaking, we can think of this condition saying that more vanishing moments
means that a function can be represented by a sparser set of wavelet coefficients,
which is computationally advantageous.

The design criteria give a set of constraints that allow for a class of compactly-
supported, orthogonal wavelets that have a maximal number of vanishing mo-
ments to be constructed. These are

1. To ensure compact support for a wavelet ψ, we choose a compactly-
supported scaling function as this choice implies that the wavelet itself
will be compactly-supported by 2.1.2.

2. For compactly-supported scaling functions, we have thatm0(x) = 1√
2

∑
n
hne
−inx

is a trigonometric polynomial.

3. The orthogonality constraint implies that |m0(x)|2 + |m0(x + π)|2 = 1
by splitting up

∑
n
|hn| into even and odd parts and using the normality

condition in 2.1.4.

4. The vanishing moments constraint give us that m0(x) = 1+eix

2 L(x), where
L(x) is a trigonometric polynomial.

Combining these conditions along with the clever substitution setting

|m0(x)|2 = (cos2(
x

2
))NL(x) := (cos2(

x

2
))NBp(sin

2(
x

2
)) (3.0.6)

gives us that

(1− y)NBp(y) + yNBp(1− y) = 1 ∀y ∈ (0, 1]

where Bp(y) is an arbitrary polynomial that will allow us to solve for |m0(x)|2
and in turn m0(x) and finally the sequence of low-pass coefficients given by h.
To solve for Bp(y), we can use Bézout’s Identity, an old and well-known theorem
from number theory. The application of this theorem gives us that

Bp(y) =

p−1∑
k=0

(
p+ k − 1

k

)
yk (3.0.7)

3.0.7 defines the Daubechies polynomial of p terms. To construct the Daubechies
wavelets, we need to back out the filter coefficients hi from the expression for
|m0(x)|2 in 3.0.6. This is done in accordance with the following procedure,
adapted from [1] by David Meyer [3], for a wavelet with filter length 2N :

1. Extract the N − 1 roots of the polynomial BN (y) in 3.0.7. Call these
{Yi}N−1

i=1 .

2. Find the solutions {Zj}2(N−1)
j=1 that satisfy the rule Zj + Z−1

j = 2 − 4Yi.
Note that we get twice as many solutions Zj as we had zeros Yi.
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3. Choose those N − 1 {Zj} that lie within the unit disk, and call these
{ri}N−1

i=1 .

4. Define the polynomial h̃(z) = (z+ 1)N (
N−1∏
i=1

(z− ri)) and normalize it such

that
∑
i |hi| = 2 by dividing by the constant 2N−1/2

N−1∏
i=1

(1 − ri). This

normalized h̃(z) is h(z).

The advantage of this form will become clear later, but for now it is impor-
tant to note that the zeros of the Daubechies polynomials figure centrally in the
construction of the Daubechies wavelets.

4 The Zeros of the Daubechies Polynomials

We now, as did Strang and Shen in [6], describe the asymptotic behavior of the
zeros of the Daubechies polynomials as the degree p increases.

From the coefficients of the Daubechies polynomials alone, we already have
information about the location of their zeros. A classical theorem due to En-
eström and Kakeya presented in [15] states that any polynomial of degree n
with all coefficients ai real and positive has its zeros Y within the annulus

min
i

ai
ai+1

≤ |Y | ≤ max
i

ai
ai+1

0 ≤ i ≤ n− 1

Since all coefficients of the Daubechies Polynomials are real and positive, the
theorem applies, and ai

ai+1
= i+1

p+i simply by expressing the binomial coefficients

in their factorial form. These ratios are monotonically increasing in i, and so
the zeros Y must lie in the annulus

1

p
≤ |Y | ≤ 1

2
(4.0.8)

The refinement in [15] gives |Y | < 1
2 for p > 2. Note that the inner radius tends

toward 0 as p→∞, which means that our zeros could be anywhere in the disk
|Y | < 1

2 for filters of long length. This result, however, can be improved.
The key observation of Strang and Shen is that the Daubechies polynomial

Bp(y) coincides exactly with the first p terms in the Maclaurin series for the
function (1−y)−p. This means that Taylor’s formula for the remainder Rp(y) =
(1− y)−p−Bp(y) can be viewed not as an error estimate for truncations of the
series for (1−y)−p but as an asymptotic result about the Daubechies polynomial
as p, half the filter length of the Daubechies wavelets, increases. In particular,
Taylor’s remainder formula gives that

Rp(y) = (2p− 1)

(
2(p− 1)

p− 1

)
yp

1∫
0

(1− t)p−1(1− yt)−2pdt (4.0.9)
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but since this expression is monotonic in y for y in the unit disk and all zeros
satisfy 4.0.8, our remainder must always be less than Rp(

1
2 ) = 2p−1 for any zero

Y . For any zero Y of Bp(y), then, the remainder term becomes (1− Y )−p and
we have that

|4Y (1− Y )|−p = |4−pY −pRp(Y )−p| < |4−p 1

2

−p
Rp(

1

2
)−p| = 1

2
(4.0.10)

In other words, the curve |4Y (1−Y )| > 2
1
p and so the zeros Y of the Daubechies

polynomial are bounded outside the limiting curve |4y(1− y)| = 1. We summa-
rize the discussion leading up to 4.0.10 in the following theorem.

Theorem 4.1. The zeros of Bp(y) all satisfy |4Y (1− Y )| > 21/p.

Strang and Shen go on to prove that the zeros do indeed converge to the lim-
iting curve |4y(1− y)| = 1. Figures 2 through 4 plot these zeros for Daubechies
polynomials different degree, demonstrating how these zeros converge to this
limiting curve. Due to slow convergence about the point y = 1

2 , the proof is
broken up to consider separately the region near y = 1

2 and the region away
from y = 1

2 .

Figure 2: The zeros of B80(y) †
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Figure 3: For fixed p, each zero of Bp(y) is the same color. The points are colored
according to the sequence {blue, red, gold, purple, green, cyan, maroon} and p
ranges from 3 to 80 †

Theorem 4.2. The zeros outside the circle |y − 1
2 | = δ are not farther than

c(δ)p−2 from the curve

|4y(1− y)| = (4πp)
1
2p |1− 2y|

1
p

for some factor c dependent on δ.

Theorem 4.3. If W is a zero of the complementary error function erfc(w),
there is a zero Y of Bp(y) such that

Y =
1

2
+

W

2
√
p

+O(p−
3
2 )

Both of these results, as did Theorem 4.1, follow from heavy analysis of the
remainder term in 4.0.2. Those readers interested in how exactly this core insight
of representing the Daubechies polynomial as the truncation of the Maclauren
series of (1 − y)−p can be used again to yield these two theorems should refer
to [6].

Since we now have information about the behavior of the Daubechies polyno-
mials as the number of filter coefficients 2p goes to infinity. Since the construc-
tion of the Daubechies wavelets is determined by the zeros of the Daubechies
polynomials, we might ask what we know about the wavelets of long length.
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Figure 4: A neighborhood around the value −0.2 with the figure generated as
in Figure 3 †

5 An Application of Daubechies Asymptotics:
Nearest Neighbor Lifting

This asymptotic result, in fact, has applications to problems in wavelet analysis.
In this section, we present one such application. We have already seen how
to construct a wavelets in multiple ways: by solving the fixed-point problem
in the two-scale equation and by finding necessary and sufficient conditions on
specific types of wavelets using multi-resolution analysis as done by Daubechies.
Daubechies, together with Wim Sweldens, pioneered yet another way to design
wavelets known as the lifting scheme [2]. We present the lifting scheme and
then show how our asympototic results on the Daubechies polynomials has
applications to this method.

5.1 The Lifting Scheme

The approach considers a class of filters with a finite number of non-zero coef-
ficients that satisfy a property known as perfect reconstruction. To define this
property, we first introduce some useful notation. First, note that for these
finitely-supported filters, we may decompose the filter f into its even and odd
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parts. In particular,
f(z) = fe(z

2) + z−1fo(z
2)

where fe(z) =
∑
k

f2kz
−k, fo(z) =

∑
k

f2k+1z
−k. We then assemble the polyphase

matrix

P (z) =

[
he(z) ge(z)
ho(z) go(z)

]
where h and g, as before, represent the low and high pass filters, respectively.
Now, we define filters h and g as satisfying the perfect reconstruction property
if and only if

P (z)P̃ (z−1)T = I

where P̃ is the dual of P . For orthogonal wavelets, we have that h = h̃ and
g = g̃.

Now, if h and g are perfect reconstruction filters,

1 = det(I) = det(P (z)P̃ (z−1)T ) = det(P (z))det(P̃ (z−1)T )

and so the determinant of P is a monomial. As such, we can rescale g to
ensure P has determinant 1. Filters h and g that give a P with determinant
1 are said to be complementary filters that make constitute the complementary
pair (h, g).

Daubechies and Sweldens then showed the following:

Theorem 5.1. Let (h, g) be a complementary pair. Then any hnew comple-
mentary to g is of the form

gnew(z) = g(z) + h(z)t(z2)

where t(z) is a Laurent polynomial. Conversely, any filter of this form is
complementary to h.

In other words, Pnew(z) = P (z)

[
1 0
t(z) 1

]
for t(z) as above.

Theorem 5.2. Let (h, g) be a complementary pair. Then any gnew complemen-
tary to h is of the form

hnew(z) = h(z) + g(z)s(z2)

where s(z) is a Laurent polynomial. Conversely, any filter of this form is
complementary to g.

In other words, Pnew(z) = P (z)

[
1 s(z)
0 1

]
for s(z) as above.

Finally, since Laurent polynomials form a Euclidean domain, the Euclidean

algorithm applies to find the gcd of

[
he(z)
ho(z)

]
. Since the determinant of P is 1, we
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have that he and ho are relatively prime, and so this algorithm gives a series of
shear matrices whose product is P . Daubechies and Sweldens use this to show
their main result:

Theorem 5.3. Given a complementary pair (h, g), there always exists Laurent
polynomials si(z) and ti(z) for 1 ≤ i ≤ m where m = n

2 + 1 and a non-zero
constant K so that

P (z) =

m∏
i=1

[
1 si(z)
0 1

] [
1 0

ti(z) 1

] [
K 0
0 1/K

]
We call each shear matrix with shear factor si a lifting step and each shear

matrix with shear factor ti a dual lifting step.
Theorem 5.3 gives us the theoretical framework for the wavelet generation

procedure known as the lifting scheme. We start with P (z) = I, called the Lazy
wavelet in this context, and then apply a sequence of m lifting and dual lifting
steps followed by a scaling. This then produces a complementary filter pair
(h, g) completely characterizing a new wavelet.

5.2 Nearest Neighbor Lifting Asymptotics

We have seen that every complementary h and g satisfying the perfect recon-
struction property has a lifting factorization. It was shown later shown by
Wickerhauser and Zhu that every lifting factorization can be a nearest neighbor
factorization [14].

A lifting factorization of a complementary pair (h, g) is defined to be nearest
neighbor whenever

si(z) = αi + βiz
−1, ti(z) = γiz + δi

where si(z) and ti(z) are as in Theorem 5.3 and αi, βi, γi, δi ∈ C. Filters with a
nearest neighbor factorization only need to access coefficients directly preceding
or directly proceeding a given coefficient for each lifting step. This allows for,
among other things, the creation of wavelets to be done on a computer system
with few distant memory accesses, which, for long filters, lowers the number of
cache misses and therefore increases the speed with which the computation can
be completed.

While every complementary filter pair admits a nearest neighbor factoriza-
tion of its polyphase matrix, it often comes at a cost. Reducing the degree of
the lifting steps may increase the actual number of lifting steps from the n

2 + 1
required by Theorem 5.3. Therefore, those of particular interest, at least for the
computational advantages discussed earlier, are those nearest neighbor factor-
izations that do not increase the number of lifting steps required. We call such
factorizations direct nearest neighbor.

David Meyer investigated whether the Daubechies wavelets had such a direct
nearest neighbor factorization in [3], and key to his results was knowledge of
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the asymptotic behavior of the zeros of the Daubechies polynomials. We now
present his results.

Meyer first showed that, for the Daubechies wavelets, if the sequence of
divisions on the filter coefficients of h associated with the lifting scheme reduces
the degree of the resulting quotient by exactly one after each division, then a
direct nearest neighbor factorization of the polyphase matrix exists. Recall that
the degree of a Laurent polynomial is not the maximum sum of exponents on
each monomial but the smallest integer k such that all non-zero coefficients hn
satisfy m ≤ n ≤ m+k for some fixed integer m. This means that if we can show
the existence of a sequence of divisions that decreases the degree by exactly one
after each division, we have shown that the Daubechies wavelets have a direct
nearest neighbor factorization.

To do this, we can use Vièta’s formulas in tandem with the results of Strang
and Shen. Vièta’s formulas [12] relate a polynomial’s coefficients to products
of its roots using the Fundamental Theorem of Algebra. Vièta’s formulas are
obtained by solving for the coefficients ak in the expression

f(x) = anx
n + an−1x

n−1 + · · ·+ a1x+ a0 = an

n∏
i=1

(x− ri)

where ri are the roots of f . Explicitly, Vièta’s formulas give that

σk = (−1)k
an−k
an

(5.2.1)

where σk is the sum of all products of exactly k roots ri and is known as the
kth elementary symmetric sum.

Since we have asymptotic information about the roots of the Daubechies
polynomials, Vièta’s formulas show us that we also have asymptotic information
about their coefficients, which we can use to analyze the divisions in the lifting
scheme. Note that the construction of the Daubechies low-pass filter presented
in section 3 gives only non-negative powers of z and thus Vièta’s formulas apply
directly. We first need a lemma that reformulates the Daubechies asymptotics
convergence results.

Define the set of asymptotic Daubechies polynomial roots in the upper half
plane as A∆

j = {z : |z + 1| ≤
√

2, arg(Z N
∆j

) ≤ arg(z) ≤ arg(Z N
∆j+1

)} where

∆j = 2 + (j − 1)∆ and ∆ is a small positive real number.

Lemma 5.4. Let {ri}N−1
i=1 and {Zi}N−1

i=1 be the Daubechies polynomial roots and
associated asymptotic estimates as in (2) and (3) in Section 3. Then, for any
A∆
j ,

1− o(1) <
#{ri ∈ A∆

j }
#{Zi ∈ A∆

j }
< 1 + o(1)

Proof. The proof of the lemma follows almost directly from Theorems 4.1 and
4.2 in the Strang and Shen section, the fact that the Zi are asymptotically
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distributed evenly along the liming curve, and the definition of A∆
j . A complete

proof can be found in [3].

We now can find bounds for the relevant sums of products of roots that
appear in Vièta’s formulas. We start with σ1.

Theorem 5.5. Let {ri}N−1
i=1 be the roots of the N th Daubechies polynomial as

in (2) in Section 3. Then for sufficiently large N ,

N−1∑
i=1

ri < 0.36343N

Proof. Since Bp(y) ∈ R[X], their N − 1 roots must come in complex conjugate
pairs. Additionally, by the construction of the polynomials, Bp(y) has at most
one real positive root if N is even. For simplicity, we assume N is odd. Ordering
the roots increasing by argument and setting M = N−1

2 , we have that

N−1∑
i=1

ri =

M∑
i=1

(ri + r̄i) = 2

M∑
i=1

Re(ri)

Instead of summing over the M roots of Bp(y), we sum over the regions A∆
j

in which they are found. Using Lemma 5.4, we have that

M∑
i=1

Re(ri) ≤
∞∑
j=1

Re(Z N
∆j

) ≤
L∑
j=1

Re(Z N
∆j

) +
N

∆L+1
Re(Z N

∆L+1

)

The bound is tighter as L increases and ∆ decreases. Setting L = 106 and
∆ = 0.01, we have that

N−1∑
i=1

ri ≤ 2[

L∑
j=1

Re(Z N
∆j

) +
N

∆L+1
Re(Z N

∆L+1

] < 0.36343N

In a similar fashion, first breaking the roots into complex conjugate pairs and
then summing over the regions in which the roots can be found and applying the
asymptotic results of Strang and Shen, Meyer proves bounds on the elementary
symmetric sums σ2 and σ3.

Theorem 5.6. Let {ri}N−1
i=1 be the roots of the N th Daubechies polynomial as

in (2) in Section 3. Then for sufficiently large N ,∑
1≤i<j≤N−1

rirj < 0.072753N2

∑
1≤i<j≤N−1

rirj > 0.063902N2

∑
1≤i<j<k≤N−1

rirjrk > 0.04223N3
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These together show that the first division step is as required for a direct
nearest neighbor factorization, all from the use of the Strang and Shen’s asymp-
totic results and the use of Vièta’s formulas.

Theorem 5.7. Given a degree N Daubechies filter h = {h0, h1, . . . , h2N−1}, the
first division does indeed decrease the degree by exactly one for sufficiently large
N .

Proof. The first division decreases the degree by at least one, and so to show it
decreases the degree by exactly one, it suffices to show that the extremal terms
of the remainder are non-zero. Formally, we must have that

h2N−2 −
h0h2N−1

h1
6= 0 (5.2.2)

h2 −
h0h3

h1
6= 0 (5.2.3)

5.2.2 follows directly from inspection of the signs of each term. From the
orthogonality condition h0h2N−2 + h1h2N−1 = 0. Since h0 and h1 are always
positive, it must be that h2N−1 and h2N−2 are of opposite signs, proving 5.2.2.

The analysis of 5.2.3, however, is not as simple. Knowing that h1 is positive,
we see that 5.2.3 is equivalent to h2h1 − h0h3 6= 0. We now use Vièta’s formula
(see 5.2.1) letting {Ri} denote the set of roots {ri} along with the N roots at
z = −1.

h1h2 = [(−1)(h0)

2N−1∑
i=1

Ri][h0

∑
1≤i<j≤2p−1

RiRj ]

and
h0h3 = (h0)[(−1)h0

∑
1≤i<j<k≤2N−1

RiRjRk]

Therefore, it suffices to show that

∑
1≤i<j<k≤2N−1

−RiRjRk < [

2N−1∑
i=1

−Ri][h0

∑
1≤i<j≤2N−1

RiRj ]

This follows from the inequality in Theorem 5.5 and the system of inequali-
ties in Theorem 5.6.

The result is true for sufficiently large N and were verified by Meyer for N
up to 220.
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6 Bessel Polynomials and the Bessel Filter

A natural question would be to ask what other wavelets have such convergence
properties. Unfortunately, few other wavelets are derived from polynomials,
and even fewer are truncations of a Taylor series. It turns out, however, that
the field of filter design is filled with such examples. Additionally, the poles
and zeros of rational functions play an important role in the physical properties
of the system, and so the study of the asymptotic behavior of roots and poles
could be of practical importance too. We present one such asymptotic analysis
for the Bessel polynomials.

The Bessel polynomials are a sequence of orthogonal polynomials defined by

yn(x) =

n∑
j=0

(n+ j)!

(n− j)!j!
(
x

2
)j (6.0.4)

The engineering literature prefers the so-called reverse Bessel polynomials, which
are defined by replacing each variable xj with the variable xn−j in the Bessel
polynomial, that is,

θn(x) = xnyn(
1

x
) (6.0.5)

These definitions are from [9].
These reversed polynomials are used to construct the Bessel filter, whose

transfer function is Tn(s) = θn(0)
θn(s) [7]. In the same way that we analyzed the zeros

Daubechies polynomials used in the construction of the Daubechies wavelets,
we analyze the zeros of the reversed Bessel polynomials used in the construction
of the transfer function of the Bessel filter. Note that the zeros of the reversed
Bessel polynomials correspond to poles of the transfer function.

Asymptotic bounds for the Bessel polynomials can be found via an approach
similar to that of Strang and Shen’s for determining the zeros of the Daubechies
polynomials. Where the analysis of the Daubechies polynomials relied on the
fact that the coefficients of the Daubechies polynomials of degree p were identical
to the truncated Maclauren series of (1 − y)−p, the coefficients of the Bessel
polynomials can also in some sense be thought of as truncations of a Maclauren
series.

6.1 Basics of Padé Approximation

We give a basic overview of Padè approximation adapted from [5] that will be
important for the asymptotic results presented later.

The Maclauren series of an analytic function f is the limit as n tends to
infinity of the sequence of polynomials Pn(x), where Pn(x) is a polynomial of
degree n that agrees with f(x) and its first n derivatives at x = 0. Each
Pn(x) then constitutes an approximation to f by a polynomial of degree n.
We can generalize this formulation in a few ways, one of which is to consider

not only polynomial functions Pn(x) but rational functions Rn,m(x) = Pn(x)
Qm(x) ,

where Qm(x) is a polynomial of degree m. Without loss of generality, we may

15



consider that the constant term in one of the polynomials, say Qm, to be one,
as we may divide any the top and bottom by a fixed constant. Note that Padé
approximation gives a superset of the possible approximations allowed by the
Maclauren series approach as setting m = 0 reduces to this earlier case. Indeed,
for fixed degree the Padé approximation of a function gives more agreement
with derivatives than the Maclauren expansion and can in some cases converge
where the Maclauren series will not.

We calculate a Padé approximation for the analytic function f(x) =
∞∑
i=0

aix
iby

finding the coefficients pj and qk of Pn and Qm respectively. In particular, we
would like to find Pn and Qm such that

f(x) =
Pn(x)

Qm(x)
+

∞∑
t=n+m+1

ctx
t

or, in other words, to find pj and qk such that

(

∞∑
i=0

aix
i)(

∞∑
j=0

qjx
j)− (

∞∑
k=0

pkx
k) =

∞∑
t=n+m+1

ctx
t

Since ct is zero for all 0 ≤ t ≤ n+m the expression on the left hand side in each
power xn to 0 gives us a system of n+m+ 1 equations in n+m+ 1 unknowns
that allows for us to solve for the coefficients pj and qk:

We have the following system of n+ 1 equations

a0 − p0 = 0

q1a0 + a1 − p1 = 0

...

qMan−m + qm−1an−m+1 + · · ·+ an − pn = 0

and the following system of m equations

qman−m+1 + qm−1an−m+2 + · · ·+ q1an + an+1 = 0

qman−m+2 + qm−1an−m+3 + · · ·+ q1an+1 + an+2 = 0

...

qman + qm−1an+1 + · · ·+ q1an+m−1 + an+m = 0.

Solving this system of linear equations then gives us the coefficients for a Padé
approximation to the function f .

For example, the Padé approximate R2,2 to ex can by this method be shown

to be 1+x/2+x/12
1−x/2+x/12 . When n = m as above, we call Rn,n the diagonal approxi-

mant Rn. In general, the diagonal approximant of ez can be shown [8] to have
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numerator

Pn(z) =

n∑
i=0

(2n− i)!n!zi

2n!i!(n− i)!
(6.1.1)

and denominator

Qn(z) =

n∑
i=0

(2n− i)!n!(−z)i

2n!i!(n− i)!
(6.1.2)

6.2 The Poles of the Bessel Filter Transfer Function

The numerator in this approximation bears close resemblance to the Pade nu-
merator of ez. In fact, we can directly verify from 6.0.4 and 6.1.1 that the Bessel
polynomial is related to the Pade numerator Pn( 2

z ) by the equation

yn(z) =
2n!

n!
(
z

2
)nPn(

2

z
) (6.2.1)

It was realized by de Bruin, Saff, and Varga [9] that this could be leveraged
to give asymptotic results about the zeros of Bessel polynomials.

Theorem 6.1. ẑ is a limit point of zeros of θn(nz) if and only if

ẑ ∈ D1 := {z ∈ −iH : | ze
√

1+z2

1 +
√

1 + z2
| = 1, |z| ≤ 1}

Notice that the polynomial θn in the above theorem has a normalization
factor of n in its argument that allows for this sequence to converge. Addition-
ally, while the above theorem is applicable to only θn(nz), inversion of z ← 1

z
allows us to get asymptotic results about the zeros of the normalized Bessel
polynomials.

The proof relies on a theorem of Saff and Varga [8] that describes the location
of the zeros of normalized Padé approximates of ez, which we state below as
another theorem. The theorem relies on steepest descent methods outside the
scope of this paper, and so we treat this theorem as a black box.

Theorem 6.2. Suppose {Rnj ,mj}∞j=1 is a sequence of Padé approximants to ez

such that lim
j→∞

(nj) =∞ and lim
j→∞

(
mj
nj

) = σ. Let

Sσ := {z : |arg(z)| > cos−1( 1−σ
1+σ )}

gσ(z) =
√

1 + z2 − 2z 1−σ
1+σ

wσ(z) = 4σ
σ
σ+1 zegσ(z)

(1+σ)(1+z+gσ(z))
2

1+σ (1−z+gσ(z))
2σ

1+σ

Then ẑ is a limit point of zeros of the normalized Padé approximants
{Rnj ,mj ((nj +mj)z)}∞j=1 if and only if

ẑ ∈ Dσ := {z ∈ Sσ : |wσ(z)| = 1, |z| ≤ 1}

We now provide an alternate proof to that given in [10] to prove Theorem
6.1 for our special case of n = m.
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Figure 5: Poles of T80(y) plotted as ’x’ as per engineering convention †

Proof. By the definition of θn(z) in 6.0.2 and the equality in 6.2.1, we have that

θn(
z

2
) =

1

2n
(2n)!

n!
P (z)

Using the change of variables z ← 2nz, we have the equality

θn(nz) =
1

2n
(2n)!

n!
Pn(2nz) (6.2.2)

recognizing θn(nz) as the normalized reversed Bessel polynomial and Pn(2nz)
as the normalized Padé approximant.

Now, since n = m, we have that lim
j→∞

(nj) =∞ and lim
j→∞

(
mj
nj

) = 1. Applying

Theorem 6.2, all zeros of Pn(2nz) lie on the curve D1. Once we substitute σ = 1
in Theorem 6.2, we see that D1 is

{z ∈ −iH : | ze
√

1+z2

1 +
√

1 + z2
| = 1, |z| ≤ 1}

Finally, since each fixed n is constant, 6.2.2 shows that the zeros of θn(nz) must
also lie on D1, proving the theorem.

This theorem is substantially more general in de Bruin, Saff, and Varga
and is subsequently sharpened in [9] and [10], but for our purposes, such a
convergence result is enough. This convergence result shows, in a similar vein
to the results of Strang and Shen, that recognizing a particular function as the
truncation of another suggests not only a result about approximation error but
an asymptotic one too.
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Figure 6: For fixed n, each zero of Tn(y) is the same color. The points are colored
according to the sequence {blue, red, gold, purple, green, cyan, maroon} and p
ranges from 3 to 40 †

Figure 7: A neighborhood around the value −1.1 with the figure generated as
in Figure 6 †
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imants. III. Numerische Mathematik, 30, 241-266.

[9] de Bruin, M. G., Saff, E. B., & Varga, R. S. (1981). On the zeros of general-
ized bessel polynomials. I. Indagationes Mathematicae (Proceedings) 84 (1),
1-13.

[10] de Bruin, M. G., Saff, E. B., & Varga, R. S. (1981). On the zeros of gen-
eralized bessel polynomials. II. Indagationes Mathematicae (Proceedings)
84 (1), 14-25.

[11] Haar, A. (1910). Zur theorie der orthogonalen funktionensysteme. Mathe-
matische Annalen, 69, 331-371.

[12] van der Waerden, B. L. (1993). Algebra, Vol. 1. New York: Springer-Verlag.

[13] Thomson, B. S., Bruckner, J. B., & Bruckner, A. M. (2001). Elementary
Real Analysis. Upper Saddle River, New Jersey: Prentice-Hall.

20



[14] Zhu, W., & Wickerhauser, M. V. (2013). Wavelet Transforms by Nearest
Neighbor Lifting. Excursions in Harmonic Analysis, 2, 173-192.

[15] Marden, M. (1966). Geometry of Polynomials. Mathematical Surveys (3)
179.

21


