MATH 6337: HOMEWORK 6 SOLUTIONS

5.1. If f is a simple measurable function (not necessarily positive) taking values a; on Ej,
7 =12,...,N, show that

N
/Ef = jzlaj Bl
[Hint: Use (5.24).%]

Solution. Using the hint, we have

/Ef:ji:;/Ejf:é/Ejaj:éaj|Ej|‘
O

5.3. Let {fr} be a sequence of nonnegative measurable functions defined on E. If fi, — f
and fr < f a.e. on E, show that
/ Je — / /-
E E
Solution. By Fatou’s lemma,
/f:/liminffkgliminf/fk,
E E E

and since fp < f a.e., we have
[as]s
E E

-y
liminf/Efk:limsup/Efk:/Ef.

for all k, so

Thus

“If [, f exists and E = |J,, By is the countable union of disjoint measurable sets Ej, then [, f =", fEk f.



5.4. If f € L(0,1), show that % f(z) € L(0,1) for k = 1,2, ... and that

/1xkf(a:)dx%0.
0

Solution. On (0,1), 2% < 1, so

/01 |2 f ()] dx = /01 o | f(x)] da < /01 |f(x)| dz < +00.

Let fi.(z) = 2% f(x) and let g(x) = |f(z)| (so g is integrable on (0,1)). Since z¥ — 0
everywhere on (0,1), we also have fy(z) — 0 a.e. in (0,1). Since |fi(z)] = 2" |f(z)] < g(x)

for all k, we apply the dominated convergence theorem:
1 1 1
/ 2* f(x) :/ fr(x) —>/ lim fi(z) =0.
0 0 o k—oo

5.5. Use Egorov’s theorem to prove the bounded convergence theorem.

Solution. Suppose {fi} is a sequence of measurable functions such that f, — f a.e. in E,
where |E| < 400, and so that |fi(x)| < M for all z € E. Let ¢ > 0. By Egorov’s theorem
there exists a closed set F' C E such that |E \ F| < € and on which fy — f uniformly. In
particular, there exists K such that for k > K, |fy — f| <& on F. Thus

/Efk:—f‘S/E\F|fk:—f|+/F|fk—f|S[E\F2M+L€§

OM |E\ F| +¢|E| < (2M + | E|)e.

Since |E| < 400, we conclude that for every e > 0 there exists K > 0 such that UE fr — f’ <
ce for some constant ¢, so [, fu = [, f as k — oo. O



5.9. If p> 0 and
[ 1= 5 =0
E
as k — 0o, show that f; — f on E (and thus there is a subsequence Jr; = fae in E).T

Solution. We prove the contrapositive. Suppose that there is € > 0 such that | X| > ¢ for all
k, where X = {|f — fi| > €}.* Then

[ir=np= [1r-sp= [ @zons0
E X X
for all .8 [l

5.10. If p > 0,
/|f—fk|p—>0, and /|fk|p§Mfor all k,
E E

e

Solution. Using the previous problem, we know that f, — f; in particular, there exists a

show that

subsequence fi, — f a.e. in E. Thus, by Fatou’s lemma,

/|f|”:/hmmf]fkj\pghminf/ | fi,|” < M.
E E B

It might make more sense to understand this statement in probabilistic terms. Suppose fi,k > 1, and f
are random variables and that the expected value of |fi, — f|” is zero. Then, for every & > 0, the probability
that |fx — f| > e approaches zero as k becomes large. In general, there is a translation between measure-
theoretic concepts and probabilistic concepts: measure is the same as probability, the Lebesgue integral is
the same as the expected value, convergence in measure is the same as convergence in probability (which I
just described), etc.

See Problem 4.16 from last week’s homework.

Tt is not true that since [, |f — ful” — 0, then |f — fi|” a.e. Let E = [0,1] and let f, be defined by
the following pattern: fi = Xjo,1, fo = X[0,1/2> f3 = X(1/2.1)> fa = X[0,1/3]> f5 = X[1/3,2/3], etc. Then
S |f = fxl” = 0 but |f(x) — fr(x)[” doesn’t converge for any x. This is an example of the principle that
convergence in p'" mean doesn’t imply convergence almost everywhere; you've already seen examples of
functions which converge a.e. but don’t converge in p*" mean.

Mn probabilistic terms, this means, “If fi, — f in p'" mean and the p'™ moments of the f; are bounded by
M, then so is the p* moment of f.”

”Many of you tried to use a triangle inequality involving [|f|”. The correct form of the triangle in-

equality is (f|f—|—g|p)1/p < (f|f|p)1/p +(f \g|p)1/p for p > 1; the inequality becomes (f\f+g|p)1/p <
K, [(f|f|p)l/p +(f \g|p)1/p] for a constant K, when 0 < p < 1.



5.11. For which p > 01is 1/z € LP(0,1)? LP(1,00)7 LP(0,00)?
Solution. 1/x € L?(0,1) if and only if

|
/ —dr < +00.
o I

By standard calculus arguments, this is true precisely when p < 1. Similarly, 1/x € LP(1, 00)

<1
/ — dxr < 400,
1 xP

if and only if

which is true precisely when p > 1.
1/x € L?(0,00) if and only if
> 1 "1 > 1
/ —dr = —dx—i—/ — dx < 400,
0o P o ¥ 1 2P
which is true if and only if the integrals over (0,1) and (1,00) both converge. However,

from the above we see that no choice of p causes both of these integrals to converge, so
1/z ¢ LP(0,00) for any p > 0. O



